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Abstract

Thermonuclear fusion has potential to offer an economically, environmentally
and socially acceptable supply of energy. A promising reactor design to execute
thermonuclear fusion is the toroidal magnetic confinement device, tokamak.
The tokamak still faces challenges in the major areas which can be categorised
into confinement, heating and fusion technology. This thesis addresses the
problem of confinement, in particular the role of transport along magnetic
field lines perturbed by diverse MHD instabilities.

Unstable modes such as ideal ballooning-peeling, tearing etc., break closed
magnetic surfaces and destroy the axisymmetry of the magnetic configuration
in a tokamak, providing deviation of magnetic field lines from unperturbed
magnetic surfaces. Radial gradients of plasma parameters have nonzero pro-
jections along such lines and drive parallel particle and heat flows which con-
tribute to the radial transport. Such transport can significantly affect con-
finement as this takes place by the development of neoclassical tearing modes
(NTMs) in the core and edge localised modes (ELMs) at the plasma periphery.

In this thesis, transport of heat through non-overlapped magnetic island
chains is first investigated using the ’Optimal path’ approach, which is based
on the principal of minimum entropy production. This model shows how the
effective heat conduction through islands increases with parallel heat conduc-
tion and with the perturbation level. A more standard analytical approach
for the limit cases of ”small” and ”large” islands is also presented. Transport
of heat through internally heated magnetic islands is next investigated by fur-
ther development of the ’Optimal path’ method. In addition the approach
by R. Fitzpatrick, has been extended for this investigation. By application of
these approaches to experimental observations made at TEXTOR tokamak,
heat flux limit, limiting parallel heat conduction in low collisional plasmas, is
elucidated.

Models to study transport of heat and particles due to ELMs have also
been developed. Energy losses during ELMs have been estimated considering
contribution from parallel conduction due to electrons and parallel convection
of ions, with constant level of the magnetic field perturbation, steady profiles
for density and temperature, and by accounting for the heat flux limit. The
estimate shows good agreement with experimental observations. The model
is developed further by accounting for the time evolution of the perturbation
level due to ballooning mode, and of density and temperature profiles.
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Résumé

La fusion thermonucléaire a le potentiel d’offrir une source d’énergie économique,
acceptable écologiquement et socialement. Une voie prometteuse est le dis-
positif de confinement magnétique toröıdal, ou tokamak. La faisabilité d’un
réacteur de type tokamak fait encore face à des défis dans les domaines majeurs
que sont le confinement, le chauffage et l’ingéniérie. Cette thèse s’adresse à
la problématique du confinement, en particulier au rôle du transport parallèle
aux lignes de champ magnétique perturbées par des instabilités MHD.

Les modes instables tels que le ballooning-peeling, tearing etc..., détruisent
les surfaces magnétiques et détruisent la symétrie axiale de la configuration
tokamak, ce qui entrâıne une déviation des lignes de champ magnétique. Les
gradients radiaux des paramètres plasma ont alors des projections non nulles
le long de ces lignes, ce qui entrâıne la présence de flux parallèles de particules
et de chaleur qui contribuent au transport radial. Ce transport peut affecter
sensiblement le confinement, comme cela se produit lors du développement
de modes tearing néoclassiques (NTMs) dans la zone de cœur et lors du
développement d’instabilités de bord de type ELM à la périphérie.

Dans cette thèse, le transport de chaleur à travers les châınes d’̂ılots
magnétiques est d’abord étudié par l’approche de chemin optimal (”Optimal
path”), qui est basée sur le principe de production d’entropie minimale. Ce
modèle montre comment la conduction effective de chaleur à travers les ı̂lots
augmente avec la conduction parallèle de chaleur et avec l’amplitude de la
perturbation. Une approche plus standard est aussi présentée pour les cas
limites de ”petits” et ”grands” ı̂lots. Le transport de chaleur à travers les ı̂lots
chauffés intérieurement est ensuite étudié par un raffinement de l’approche
”Optimal path”. L’approche de R. Fitzpatrick est aussi étendue à cet effet.
En appliquant ces approches à des observations expérimentales effectuées sur
le tokamak TEXTOR, la limite de flux de chaleur associée à la conduction de
chaleur parallèle dans les plasmas peu collisionnels est estimée.

Des modèles sont aussi développés pour l’étude du transport de chaleur et
de particules par ELMs. Des pertes d’énergie lors d’ELMs ont été estimées en
considérant la contribution de la perte conductive parallèle due aux électrons
et à la convection parallèle des ions, en considérant une perturbation constante
du champ magnétique, des profils de densité et de température stationnaires,
et en tenant compte de la limite de flux de chaleur. Les estimations sont en
accord avec les observations expérimentales. Le modèle est ensuite étendu
avec la prise en compte de l’évolution temporelle de la perturbation due au
mode ballooning, ainsi que la prise en compte des profils de densité et de
température.
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Chapter 1

Introduction

1.1 Why Fusion ?

The growing need for energy is a fact unknown to few. The exploitation
of resources by developed countries and the desire to achieve a good living
standard among the developing nations, requires energy sources of enormous
potential.

The contribution of different energy sources to the primary energy pro-
duction in the world are (in percentage) oil 40, coal 27, gas 21, fission 6 and
hydroelectricity 6, approximately. The number of years of use, at the current
rate of consumption, for coal is around 270, 40-50 for crude oil, 60-70 for nat-
ural gas, 40-50 for Uranium (2400-3000 if breeder technology is employed).
We observe that 90 percent of our energy is currently produced by burning
fossil fuel, this could pose serious problems in future due to their short span
of usability. Other problems are environmental consequences of massive use
of fossil fuels due to the gigantic release of carbon dioxide in the atmosphere.

Possible alternatives to burning fossil fuels are long term energy sources,
namely renewables, fission and fusion. Methods for renewables are usage of
photovoltaic panels, wind power plants and biomass. The natural obstacles
are energy density and/or fluctuation in time. In the case of fission, highly
radioactive waste is produced. Although considerable progress has been made
in the safety and environmental aspects of producing energy from fission public
non-acceptance poses problems that are potentially difficult to cope with.

Energy production must not be only economically, but also environmen-
tally and socially acceptable. To be able to supply this energy, fusion is an
option. It is characterised by exclusive properties, some of which represent
distinct advantages over the other major energy sources. The properties can
be grouped around three aspects: 1. Almost inexhaustible supply of cheap
fuels, Deuterium and Lithium, that are widely abundant. 2. Fusion reactors
offer inherent passive safety and are not based on chain reactions. 3. Fusion
power is environmentally acceptable, no contribution to greenhouse effect, to
acid rain and/or to the destruction of the ozone layer.
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8 Chapter 1. Introduction

1.2 Fusion in plasma

Fusion reactions occur in stars where hydrogen and helium convert to heavier
nuclei. The H and He nuclei are held together by gravity long enough for suf-
ficient reactions to occur. For instance, in the core of the Sun the temperature
is 10-15 million K, which along with the extreme pressure and density, allows
matter to be converted into large amounts of energy.

Figure 1.1: Fusion reaction (left), and relative reactivity of different reactants
(right)

A figure of merit for a reaction is the ’reactivity’ - the product of the prob-
ability of reaction and the energy delivered per reaction. This consideration
shows, that the fusion reaction between deuterium (D) and tritium (T) has
maximum reactivity at around 100 million K.

D2 + T 3 −→ He4(3.5MeV ) + n1(14.1MeV )

The next most reactive is D+D with a reactivity about 40 times smaller,
and D+3He, an isotope of helium, with a reactivity about 85 times smaller fig.
1.1. In fusion reactions, since the nuclei are positively charged, the Coulomb
force has to be overcome before the reactions can occur. The Coulomb poten-
tial energy to be overcome can be estimated as Ecoul = z1z2e

2/4πε0r0, where
z1e, z2e are the charges of the two nuclei and r0 the collision radius. Con-
sequently, the nuclei have to be accelerated to considerable energy in order
to penetrate the Coulomb barrier. If for example a beam of deuterons from
an accelerator is directed at a target of solid tritium or deuterium, most of
the energy is lost in ionising and heating the target and in elastic collisions.
The solution is to form a Maxwellian plasma in which fast particles in the
tail of the distribution can undergo fusion. Elastic collisions do not change
the distribution if it is Maxwellian, and the energy used to heat the plasma is
retained until the particles react or escape from the chamber.

A plasma is a quasineutral gas of charged and neutral particles which
exhibits collective behaviour [37]. A fundamental characteristic of plasma is
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its ability to shield out electric potentials that are applied to it. The Debye
length is a measure of the shielding thickness of the sheath (or charge cloud)
formed around an electric field in a plasma. If the dimension L of a system
is much larger than λD (L >> λD), then local concentrations of charge or
external potentials are shielded out in a distance short compared with L. The
plasma is ’quasineutral’ enough so that one can take ni = ne = n, where n is
a common density called plasma density.

The picture of Debye shielding is valid only if there are enough particles in
the charge cloud, hence in addition ’collective behaviour’ requires ND >> 1,
where ND = nλ3

D4/3. Some ionised gases do not qualify as plasmas because
the charged particles collide so frequently with neutral atoms that their motion
is governed by ordinary hydrodynamic forces rather than by electromagnetic
forces. If ν is the frequency of typical plasma oscillations and τ is the mean
time between collisions with neutral atoms, we require ντ > 1 for the gas to
behave like a plasma.

The confinement of a high temperature plasma is extremely difficult and
the plasma energy leaks out by various means, such as heat conduction, parti-
cle diffusion, radiation emission, etc. Suppose a plasma of temperature T and
density n is maintained during a energy confinement time τE = W/El where
W is the stored energy in the plasma, and fusion persists during that time.
If we denote Ef as the energy produced by the nuclear reaction, El as the
energy lost, ηEf a fraction of energy confined to heat the plasma and η′El a
fraction collected and used to heat the plasma, then the condition for heating
the plasma called the Lawson criteria, is given by ηEf > (1 − η′)El. After
certain assumptions it is more commonly estimated as a figure of merit

nTτE > 5.1021keV s/m3

Other important parameters are, beta β = P/(B2/2µ0) the ratio of the
kinetic pressure to the magnetic pressure, and the Q-value Q = Ef/El which
gives a measure of the quality of the fuel.

1.3 Tokamak

The tokamak is a toroidal magnetic confinement device, the principal magnetic
field is in the toroidal direction and is produced by coils wounded poloidally
around the torus [45]. The charged particles experience a lorentz force FL =
q(v×B + E), where q and v are the charge and velocity of the particle, and
B and E are the magnetic and electric fields. In a magnetic field, E ≈ 0, the
charged particles have a helical orbit, the particles gyrating about the guiding
centre of their motion, the guiding centre moving along the magnetic field.

In presence of other forces, particles undergo a drift in the guiding centre
motion, given by the drift velocity vD = F×B/qB2, where F is the force in
the direction perpendicular to B (see section 2.3). In a tokamak the magnetic
field lines are curved and in addition have a gradient with the field intensity
dropping with the major radius R0. Both result in a force directed outwards
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Figure 1.2: Tokamak

giving rise to a vertical drift m(v2
‖ + v2

⊥)/qRB2, where m, v‖ and v⊥ are
mass, parallel and perpendicular velocities, of the particle. The drifts are in
different direction for electrons and ions, and produces a charge separation,
the resulting electric field induces a horizontally directed E × B drift, vE =
E × B/B2, driving an outgoing plasma flow. The E × B drift enhances the
charge separation effectuating a ’interchange instability’.

The drift can be evaded by twisting the magnetic field lines helically, the
particles moving along the field lines short-circuit the charge separation by
Debye shielding, so that the electric field does not grow, whereby this ’in-
terchange instability’ is suppressed. The twist can be achieved by driving a
current parallel to B, generated by means of a transformer where the plasma
is the secondary, inducing a poloidal magnetic field component Bϑ which is
typically an order of magnitude smaller than the toroidal component Bϕ.

The resulting magnetic field line follows a helical path as it goes around
the torus on associated magnetic surface of minor radius r. The safety factor
is defined as q = ∆ϕ/∆ϑ, i.e. a ratio of the change in the toroidal angle
to a change in the poloidal angle when following a field line. To estimate
q the equation of the field line is used, Rdϕ/rdϑ = Bϕ/Bϑ, and thus one
obtains an average q = 1/2π

∮
(rBϕ/RBϑ)dϑ for a magnetic field line. For a

large aspect-ratio tokamak (R/r > 1), q = rBϕ/R0B
ϑ. On magnetic surfaces

called resonant surfaces q = m/n, where m and n are integer numbers, and
on such surfaces field lines close upon themselves after n toroidal revolutions
corresponding to m poloidal revolutions, about the torus.

The helical field lines form closed flux surfaces which may be elliptical.
The ellipticity is denoted by κ = b/a, where a is the minor radius of the
plasma edge surface in the median plane, and b is its minor radius in the
vertical direction. The shape is often more like a D, and such shapes may be
characterised by an additional parameter, the triangularity δ.

There are various challenges to be faced in designing a fusion reactor,
and some of them may be divided into three general areas namely plasma
confinement, plasma heating and fusion technology. Confinement has to do
with satisfying the Lawson criterion. Plasma heating is related to confinement
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Figure 1.3: Tokamak Reactor

since even a slow heating process would be effective if confinement time was
long. Fusion technology has to do with the engineering design of a reactor
apart from the physics aspects. In addition are two subcategories plasma
diagnostics and plasma purity.

The development of reactor levels of τe and β, are important for an at-
tractive reactor. Equally critical are impurity minimisation and control, low
recirculating power for plasma production and control, the development of
radiation resistant, low-activation materials, and high reliability and main-
tainability.

The magnet coils are protected from nuclear radiation by a moderation of
the neutrons (blanket) and by a shield which absorbs neutrons and gamma
rays. In the case of D-T plasma, the blanket contains lithium to breed tritium
to replace that burned in fusion reactions. In most configurations the outer
magnetic flux surfaces are diverted onto targets, which absorb the heat, thus
isolating most of the chamber wall from direct contact with the plasma. The
first wall and the blanket and shield elements form a vacuum chamber. A
coolant, liquid or gas, removes heat deposited to the wall, blanket, shields,
and divertor targets and transports it to heat exchangers and generators which
produce electricity.

1.4 Thesis outline

So long as the magnetic surfaces remain closed, transport is limited to clas-
sical, neoclassical and anomalous mechanisms (see section 2.3). But, diverse
MHD instabilities such as ideal ballooning-peeling, tearing modes, etc. break
closed magnetic surfaces and destroy the axissymmetry of the magnetic config-
uration in a tokamak. The resulting powerful transport along magnetic field
lines can contribute essentially to particle and heat losses from the plasma
and significantly affect confinement as this takes place by the development of
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neoclassical tearing modes (NTMs) in the core [26] and edge localised modes
(ELMs) at the plasma periphery [13]. Therefore the transport characteris-
tics parallel to the magnetic field are very important for understanding and
quantitative description of such phenomena. Parallel transport is also relevant
for mechanisms of ELM mitigation with external magnetic field perturbations
[64]. Investigation of such transport due to MHD instabilities, namely mag-
netic islands and ELMs, is the main consideration of this thesis.

In chapter 2 a theoretical basis for the description of plasma, instabilities
and transport is given which assists in understanding the following chapters.
In chapter 3 transport of heat originating from core plasma passing through
magnetic islands is investigated using the ’Optimal path’ approach, which
is based on the principal of minimum entropy production. A more detailed
analytical approach by R. Fitzpatrick [28] is also presented, which however is
limited to the cases of large and small islands. In chapter 4 heat flux limit,
limiting parallel heat conduction in low collisional plasmas is elucidated using
the ’Optimal path’ method, and is validated by making an extension of the
approach by R. Fitzpatrick for the case of magnetic islands heated internally
at the resonant surface. In chapter 5 models to study transport of heat and
particles due to ELMs have been developed. In the end a summary of the
thesis is presented.

1.4.1 Publications
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Chapter 2

Instabilities and transport

2.1 Plasma description

In the description of plasma we restrict ourselves primarily to plasma consist-
ing of charged particles which can be represented by point charge and point
mass. Each particle is assumed to obey the classical nonrelativistic equations
of motion and the plasma has no net charge, namely there are equal number
of negative and positive charges.

The most detailed description is to follow the motion of each constituent
particle, including the mutual interactions with other particles. In this de-
scription the plasma is represented by a distribution function in Γ-space (the
phase space of all the particles) and the electromagnetic fields of all the par-
ticles. The system of equations corresponding to such a description is called
the Klimontovich system of equations [2]. Consider an sth species of particles
(s = e for electron and i for ion) and let the number of such particles in the
spatial region r ∼ r + dr and the velocity region v ∼ v + dv at time t be
f̂s(r,v, t)d3rd3v. The volume element is chosen sufficiently small such that
only one particle or less can exist inside it, that is, it is a δ function. Let there
be a total of Ns particles and let the position and velocity of the jth particle
at time t be rj(t) and vj(t), then the distribution function f̂s can be written
as

f̂s(r,v, t) =
Ns∑
j=1

δ[r− rj(t)]δ[v − vj(t)] (2.1)

Differentiate with respect to time, where drj/dt = vj and dvj/dt =
[Ê(rj , t) + vj × B̂(rj , t)]qs/ms ≡ k̂s(r,v, t), here qs,ms are the charge and
mass of the sth species of particle and the hat stands for microscopic quan-
tities, implying that the fields produced by point charges, as well as external
fields are included. Summing up over j, i.e. all the particles, one obtains

∂f̂s
∂t

+ v.
∂f̂s
∂r

+ k̂s(r,v, t).
∂f̂s
∂v

= 0 (2.2)

The electromagnetic fields Ê and B̂ satisfy Maxwell’s equations:

13



14 Chapter 2. Instabilities and transport

∇× Ê(rj , t) = −∂B̂(rj , t)
∂t

∇ · Ê(rj , t) =
σ̂e(rj , t)
ε0

(2.3)

∇× B̂(rj , t) = − 1
c2

∂Ê(rj , t)
∂t

+ µ0Ĵ(rj , t) ∇ · B̂(rj , t) = 0

where Ĵ and σ̂e are the microscopic current density and charge density and
are given in terms of f̂s as

Ĵ(rj , t) =
∑
s

qs

∫
vf̂s(r,v, t)d3v (2.4)

σ̂e(rj , t) =
∑
s

qs

∫
f̂s(r,v, t)d3v

The above equations (2.2,2.3,2.4) constitute the Klimontovich system of
equations. Given the particle distribution f̂s, it determines Ĵ and σ̂e which in
turn determine Ê and B̂; the acceleration k̂s is then expressed in terms of f̂s
which has to satisfy (2.2) for self-consistency. The solution of Klimontovich
system of equations depends on the 6N (N =

∑
s
Ns) initial parameters [rj ,vj ],

which is impossible to know. Although these equations can completely describe
the plasma, the direct information given by such description is often useless
because of the details it contains.

A more useful description which treats the plasma as phase space contin-
uum, is the µ-space description where a single particle phase space distribution
is used to describe the behaviour in the presence of an averaged electromag-
netic field consistent with the continuum particle distribution. In this case
we can either include the collisional effect (Boltzmann equation) or neglect
it (Vlasov or collisionless Boltzmann equation). In the presence of a strong
magnetic field, we can further simplify the equation by considering only the
time-averaged guiding centre motion (drift-kinetic equation). The µ-space
description can be obtained from the Γ-space Klimontovich equations by av-
eraging their solutions over the ensemble of initial parameters. The resulting
distribution function and the field variables then become smooth functions of
r and v. The equations (2.3, 2.4) can be averaged, with same form of the
equations holding for the averaged quantities as they are linear with respect
to the quantities with hats. However because of its non-linearity, taking the
average of (2.2) we have

∂fs
∂t

+ v.
∂fs
∂r

+ 〈k̂s.
∂f̂s
∂v
〉 = 0 (2.5)

The last term differs from ks.
∂fs
∂v . The difference 〈k̂s.∂f̂s∂v 〉corr ≡ 〈k̂s.

∂f̂s
∂v 〉 −

ks.
∂fs
∂v , which is called two-body correlation term or the term representing the

discreteness effect of the plasma. The ideal plasma is a continuum in phase
space and has no discrete properties, hence, the two body correlation effect is
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totally negligible when compared with the effect of the average electromagnetic
field. The resulting system of equations is the same as (2.2, 2.3 and 2.4),
with the hats removed, and are called the Vlasov system of equations or the
collisionless Boltzmann equations.

The most widely used description is similar to that of an ordinary macro-
scopic fluid. Here the plasma is represented by a continuum in real space and
only the macroscopic quantities such as density, fluid velocity, temperature,
and the electromagnetic fields consistent with the macroscopic variables are
used to describe the plasma behaviour. There are two types of macroscopic
descriptions: one is to treat the plasma as a two-component fluid consisting
of an electron fluid and an ion fluid, and the other is to treat it as a one-
component fluid by assuming local charge neutrality. The former is useful
to derive the electrostatic response of a plasma, whereas the latter, usually
called the magnetohydrodynamic (MHD) model, can describe a plasma in the
presence of a strong inhomogeneous magnetic field.

The distribution function describing the dynamics of charged particles in
phase space (µ-space) is given by fs(r,v, t). A macroscopic (fluid) description
of the plasma can be obtained by integration of fs, and its various moments
with respect to v, over the velocity space. The zeroth moment yields the
density

ns(r, t) =
∫
fs(r,v, t)d3v (2.6)

the first moment gives the mean velocity

v̄s(r, t) =
1
ns

∫
vfs(r,v, t)d3v (2.7)

the second moment leads to the pressure tensor

←→
P s(r, t) = ms

∫
ṽṽfs(r,v, t)d3v (2.8)

and the third moment provides the heat flux density

qH,s(r, t) =
ms

2

∫
ṽṽṽfs(r,v, t)d3v (2.9)

with ms the particle mass and ṽ = v − vs. The pressure tensor can be
written in the form

←→
P s = ps +←→π s, where ps is the scalar pressure and ←→π s

is the stress tensor, with zero trace. The time variation of fs is given by the
kinetic equation (Boltzmann):

∂fs
∂t

+ v.
∂fs
∂r

+ Fs.
∂fs
∂v

= Cs (2.10)

The term Cs(r,v, t) accounts for sources and sinks of particles and for
collisions with other species. Fs(r,v, t) is the external force acting on particles,
excluding collisions. An integration of 2.10 over the velocity space leads to
the mass conservation equation:
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∂ns
∂t

+∇ · Γs = Ss (2.11)

where Ss(r, t) contains the source and sink terms. The msv moment of
2.10, gives the momentum equation:

ρs
dv̄s
dt

= nsqs(E + v̄s ×B)−∇ ·Ps + Rs (2.12)

where Fs is the lorentz force, Rs is the force due to collisions with other
species, and ρs = msns. The msv

2 moment of 2.10, leads to the heat balance:

3
2
ns
dTs
dt

+ ps∇ · v̄s +∇ · qH,s + Ps : ∇v̄s = QH,s (2.13)

where QH,s = 1/2
∫
mv2Csd

3v is the heat generated in a gas of particles of
species s by collisions with particles of other species. Hereafter the distribution
function is assumed to be locally Maxwellian:

fs(r,v) = ns(r)
[

ms

2πTs(r)

]3/2

exp
{
−ms[v − v̄s(r)]2

2Ts(r)

}
(2.14)

by substituting 2.14 in 2.8, the pressure tensor becomes isotropic and cor-
responds to a scalar pressure Ps = nsTs. We proceed to obtain the one-fluid
MHD equations from the above set of two-fluid equations, and hereafter denote
v̄s by us. Summing the electron and ion continuity equations (2.11):

∂ρ

∂t
+∇ · (ρu) = S (2.15)

where ρ = ρi + ρe ≈ ρi, u = (uiρi + ueρe)/ρ ≈ ui, and S is the source
term. When the collisional momentum exchange is considerable Re = −Ri,
where Re = −neme(ue−ui)/τei, here τei is the collision time between electron
and ion. Neglecting the electron inertia term (ρedue/dt� ρidui/dt), combin-
ing the equations of motion for electrons and ions (2.12) we get momentum
conservation, and the electrons motion equation gives the ohm’s law:

ρ
du
dt

= −∇P + σeE + J×B (2.16)

E + u×B =
1
en

(J×B−∇Pe + R) (2.17)

where σe = −ene+Zeni, J = −eneue+Zeniui, P = Pe+Pi and R = enηJ,
here η = me/n

2
eτei is the resistivity. Assumption of an adiabatic fluid and

adding up the adiabatic laws (d(Psn
−γ
s )/dt = 0) for electrons and ions gives

for the energy conservation:

d(Pn−γ)
dt

= 0 (2.18)

The resistive one fluid MHD equations are closed with the equations (2.15,
2.16, 2.17, 2.18) and the Maxwell equations for averaged electromagnetic fields:
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∇×E = −∂B
∂t

∇ ·E =
σe
ε0

(2.19)

∇×B = − 1
c2

∂E
∂t

+ µ0J ∇ ·B = 0

One fluid MHD neglecting resistivity is called the ideal MHD. In the Ohm’s
law 2.17, when the current drift velocity ud = J/en is much smaller than u,
and βe = nTe/(B2/2µ0) < 1, the right hand side is left with ηJ, which is
further neglected in the ideal MHD. To determine J, the amperes law is used,
where the displacement current is neglected, which is valid for u2/c2 � 1.
The term σeE is assumed to be negligibly small in 2.16. Then the ideal MHD
equations are

∂ρ

∂t
+∇ · (ρu) = 0 ρ

du
dt

= −∇P + J×B

d(Pn−γ)
dt

= 0 E = −u×B (2.20)

∇×E = −∂B
∂t

∇×B = µ0J

Though ideal MHD does not include kinetic effects, it is the simplest and
the most useful theory to describe plasmas confined by a magnetic field.

2.2 Instabilities

2.2.1 MHD equilibrium

MHD equilibrium is defined by a stationary state without plasma flow, i.e.,
∂/∂t = 0 and u0 = 0. Then the ideal MHD equation for force balance (2.20)
gives:

∇P = J×B (2.21)

From 2.21 we have B ·∇P = 0 and J ·∇P = 0, which means that magnetic
field lines and current stay on isobaric surfaces. To calculate the magnetic
configuration in a tokamak it is useful to introduce the poloidal flux function
Ψ =

∫
S Bϑ · dS. It describes the poloidal flux per radian toroidal angle ϕ

through a surface going from the magnetic axis to a point (z, r). The axisym-
metry imposes ∂/∂ϕ = 0. The definition of the flux function and the right-
handed cylindrical coordinate system (r, ϕ, z) allows us to write the magnetic
field as

B =
∇Ψ× eϕ

r
+Bϕeϕ ⇔ Br = − ∂Ψ

r∂z
,Bz =

∂Ψ
r∂r

(2.22)

Substitution of 2.22 in B · ∇P = 0 leads to ∇Ψ×∇P = 0, which implies
Ψ = Ψ(p) or p = p(Ψ). The latter form states that pressure is a flux function.
Defining f = rBϕ and using Amperes law 2.20, J can be written as
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J =
∇f × eϕ

µ0r
+ Jϕeϕ ⇔ Jr = − ∂f

µ0r∂z
, Jz =

∂f

µ0r∂r
(2.23)

Substituting 2.23 in J · ∇P = 0 gives ∇f × ∇P = 0, thus f = f(p) and
using p = p(Ψ), it follows that f = f(Ψ) is a flux function as well. Including
2.22 and 2.23 in the force balance equation 2.21, we end up with a partial
differential equation describing equilibrium, the Grad-Shafranov equation:

r
∂

∂r

(
∂Ψ
r∂r

)
+
∂2Ψ
∂z2

= −µ0r
2 dp

dΨ
− f df

dΨ
(2.24)

This equation has three variables ψ, f, p corresponding to B,J, p so that
two of the three variables should be known in order to resolve the third one.
In reality real estimates are taken for p,J,B, based on measurements of den-
sity, temperature, the external-B fields and q. In an iterative process p,J,B
subsequently converge to a self-consistent solution. As a result one gets the
total magnetic equilibrium field within the plasma, the current density pro-
file, and the pressure p as a flux function. The solutions show that magnetic
flux surfaces are nested, and the magnetic axis is shifted from the axis of the
plasma, the so called Shafranov shift [3].

2.2.2 MHD Stability

Equilibrium means that all forces in the system are balanced. However, it
does not guarantee that the system will return to the equilibrium state if it
is perturbed. In a stability analysis of a plasma, the plasma is assumed to be
in equilibrium, and it is disturbed by a small perturbation. The stability of
the plasma is determined by its response to the perturbation. If the pertur-
bation grows, the plasma is unstable. If the perturbation decays or leads to
non-growing oscillations near the equilibrium, the plasma is stable for given
perturbation. Only if the plasma is stable against all possible perturbations,
it can be considered stable.

In the linear analysis, the equilibrium quantities, by definition, do not
depend on time and the perturbed quantities are time dependent. In this
analysis a quantity can be written as Q(r, t) = Q0(r)+Q1(r, t), here Q1/Q0 �
1, where the subscripts 0, 1 represent the equilibrium and the perturbed part,
respectively. All second order terms Q1(r, t) · Q1(r, t) are considered small
enough to be neglected.

If the displacement of the plasma is denoted by ξ(r, t) then the perturbed
velocity is v1 = ∂ξ/∂t. The force and the energy change due to the displace-
ment can be written as:

F = J0 ×B1 + J1 ×B0 −∇p1 δW = −1
2

∫
ξ · Fdr (2.25)

From the ideal MHD equations (2.20), linearised with respect to the per-
turbation and the Amperes law taken into account, one gets:
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p1 = −ξ · ∇p0 − γp0∇ · ξ B1 = ∇× (ξ ×B0) (2.26)
J1 = ∇×B1/µ0 (2.27)

Thus the force operator can be written as:

F =
1
µ0

(∇×B0)×B1 +
1
µ0

(∇×B1)×B0 +∇(ξ · ∇p0 + γp0∇ · ξ) (2.28)

Equation 2.28 can be used to determine how the plasma state develops in
time for a given perturbation, but to test the plasma response to all possible
perturbations is very difficult and better methods have to be used [18].

The linear stability can be studied by assuming that the instabilities grow
exponentially. All perturbations, and consequently the perturbed momentum
equation can be written as:

Q1(r, t) = Q1(r)e−iωt − ω2ρ0ξ = F(ξ) (2.29)

Equation 2.29 is an eigenvalue problem for the eigenvalue ω2. The sign
of ω2 determines the stability of the plasma. If ω2 is positive, the plasma
displacement and the resulting force counter each other, which means that the
plasma remains stable. However, if ω2 is negative the plasma displacement
and the resulting force grow together, thus the plasma is unstable.

It can be shown that the energy principle can be applied to investigate
stability of a ideal plasma [1]. The change in potential energy associated with
a perturbation ξ, can be found from substitution of 2.28 in 2.25, along with
application of suitable vector relations together with Gauss’s theorem:

δW =
1
2

∫
(
B2

1

µ0
+ γp0(∇ · ξ)2 + (ξ · ∇p0)∇ · ξ − J0 · (B1 × ξ))dr (2.30)

+
1
2

∫
(p1 +

B0 ·B1

µ0
)ξ · dS

The stability of the plasma can be determined from the change of potential
energy δW . Since the energy is conserved, a negative change of the potential
energy corresponds to a positive change in the plasma kinetic energy, which
corresponds to a unstable situation. If there exists any (allowable) perturba-
tion that makes δW negative the plasma is unstable. So, in order to know the
stability of the plasma, δW (ξ) is minimised with respect to ξ, and the plasma
is stable if δW (ξ)min ≥ 0.

In 2.30 the surface term is zero if the normal displacement at the surface
is zero, as it would be at a perfect conductor. When there is a vacuum region
outside the plasma the surface term represents the transfer of energy to the
vacuum region, and can be written as:

δWv =
1
2

∫
vac

B2
1

µ0
(2.31)
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The vacuum term is always positive definitive and thus stabilising. If there
are no currents at the boundary, all potentially destabilising terms are included
in the plasma term, which written in a intuitive form [7] is:

δWp =
1
2

∫
plasma

[
B2

1,⊥
µ0

+
B2

0

µ0
|∇ · ξ⊥ + 2ξ⊥ · κ|2 + γp0(∇ · ξ)2 (2.32)

−2(ξ⊥ · ∇p0)(κ · ξ∗⊥)− J‖(ξ∗⊥ × b) ·B1,⊥]dr

where b = B/B, and κ = b · ∇b is the curvature of the magnetic field.
The first term is the energy required to bend the magnetic field lines, the
second term is the energy required to compress the magnetic field and the
third term is the compressional energy of the plasma. These three terms are
stabilising. The last two terms can be destabilising. Instabilities caused by
the fourth term are called pressure driven modes, because ∇p is the source of
free energy. The last represents current driven modes, where J‖ is the source
of free energy.

A hot plasma, with a large current running through it, is a large source
of free energy. If the confinement of the plasma is lost, this energy is de-
posited onto the walls of the device in a very short time and can cause serious
damage. Therefore, it is very important to keep the plasma stable so that a
small perturbation from the equilibrium does not lead to a complete loss of
confinement, a so-called disruption. Instabilities whose growth can be limited
to a small region of the plasma can be tolerated in the plasma operation.
They increase the transport of particles and energy out of the plasma, but do
not lead to a catastrophic end of a discharge. While the increase of energy
transport always degrades the plasma confinement, sometimes the increase in
particle transport can be beneficial, for instance, to remove helium ash from
the plasma. Increased transport due to small instabilities can also prevent
other more destructive instabilities from developing. Examples of such non-
catastrophic MHD instabilities are neo-classical tearing modes (NTMs) [19]
and edge localised modes (ELMs) [30]. In the following sections instabilities
relevant to the work of this thesis are discussed briefly, a detailed discussion is
beyond the scope of this thesis. Coupled Peeling-Ballooning modes are widely
considered to be responsible for ELMs. Tearing modes lead to the development
of magnetic islands. Drift waves are one of the most important mechanisms
responsible for anomalous transport.

2.2.3 Peeling modes

Peeling modes are kink-type instabilities occurring in the edge region of the
plasma [11]. The destabilising energy comes form the last term of 2.32, and
therefore the peeling modes are current driven. The peeling modes have typ-
ically low or intermediate toroidal mode numbers n = 1 − 10. The poloidal
number depends on the rational surface at which the peeling mode is localised,
so that q = m/n. Due to the low mode number, the wavelength is long. In a
peeling mode the edge plasma peels off from the rest of the plasma.
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From the fourth term of 2.32, one sees that if the average curvature
(
∫

[(b · ∇b) · ∇p]dr < 0) on a flux surface is favourable, the pressure gra-
dient has a stabilising effect on the peeling modes because there is little vari-
ation in ξ with the poloidal angle due to the long wavelength. In the H-mode
plasma, steep pedestal pressure gradient drive bootstrap current, causing large
localised current density at the edge than in the surrounding plasma, and thus
the instability is localised at the edge. Increased transport, flattens the pres-
sure profile, thus edge current density gradient decreases until the plasma is
stabilised again.

2.2.4 Ballooning modes

The ballooning modes are pressure-driven instabilities that can occur in a
toroidal device. The destabilising energy comes from the fourth term of 2.32.
The modes are localised to the region of unfavourable curvature (b·∇b)·∇p >
0) in order to minimise the stabilising effect of the favourable curvature. In
order to be localised on the unfavourable curvature region, the amplitude
variation along the field line must be maximised. Therefore, the most unstable
ballooning modes have high toroidal mode numbers [12]. The mode structure
is such that there are very fine structures in the poloidal direction, but in the
toroidal direction the wavelength is long. In a tokamak, since the toroidal
magnetic field is much stronger than the poloidal field, the mode structure
changes slowly along the field line, and the stabilising energy from the field
line bending is minimised.

In determining stability against ballooning modes, the stabilising field line
bending and the pressure gradient drive compete with each other. For circu-
lar plasmas, this means that ballooning modes are stabilised by the shear of
the magnetic field. Strong shear, means as magnetic field lines are followed
they move away from each other and the mode cannot be localised on the
unfavourable side. What stabilises the ballooning mode is the local shear.
So even when the global shear goes to zero, a large pressure gradient creates
a large variation of local shear in the region where ballooning modes are lo-
calised, and the plasma enters a second stability region. Plasma shaping, for
e.g. increased triangularity, can result in a magnetic field covering larger dis-
tance in regions of favourable curvature, hence increasing stability. A more
detailed description of ballooning modes is given in the Appendix C.

2.2.5 Tearing modes

The tearing instability in a tokamak is driven by the radial gradient of the
equilibrium current density. The name derives from tearing and rejoining of
magnetic field lines which occur during the instability as a consequence of
finite resistivity. Consider a plasma with a perturbation of first order, where
a perturbed movement of the plasma with velocity v1, causes a electric field
E1 which induces a magnetic field B1. In an ideal plasma with conductivity
σ = ∞, this is the case for kink instabilities. In a resistive plasma σ 6= ∞
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the magnetic field perturbation can be induced through a perturbed J1. From
Ohm’s law 2.17 and Faraday’s law 2.19 it is seen:

∂B1/∂t = ∇× (v1 ×B0 − J1/σ) (2.33)

Due to finite resistivity the conservation of the magnetic flux is no more
valid, it can be generated or inhibited by a plasma instability, which will lead
to change of the magnetic topology and formation of magnetic islands.

2.2.6 Drift waves

Spatial nonuniformity causes a diamagnetic current in a plasma. For e.g in
the case of nonuniform density, due to gyro-motion there are more particles
moving in one of the directions of ∇n×b than in the opposite one, and a net
drift of plasma results. Electrons and ions gyrate and hence drift in opposite
directions, thus a diamagnetic current is produced.

The cylindrical plasma is represented in a cylindrical coordinate system
(r, ϑ, z), and correspondingly in a slab model in cartesian system with (x, y, z),
respectively. Such a model can be used to simulate plasma if the spatial scale
of interest across the magnetic field is much shorter than the radius of the
cylinder. Consider a plasma of uniform temperature but nonuniform density
with density gradient in the x-direction, a static magnetic field B exists in
the z-direction and a consequent diamagnetic current in the y-direction. We
assume that the Te is finite and Ti → 0. In the unperturbed system E0 = 0
and further absence of magnetic perturbation is assumed. From the electron
equation of motion 2.12 in a stationary state

0 = −ene(u0
e ×B)−∇Pe ⇒ u0

e = − Te
me|Ωe|n0

dn0

dx
ŷ (2.34)

where Ωe is the electron cyclotron frequency. This velocity is called the
electron diamagnetic drift velocity.

Drift waves are quasi-electrostatic waves which in the above used slab
geometry, propagate mainly in the y-direction with a phase velocity close to the
electron diamagnetic drift velocity. They also propagate in the z-direction, but
the wavelength in this direction is much longer. We denote the wavenumber
k = (0, ky, kz), then the parallel phase velocity ω/kz is close to the thermal
speed of the electrons, 1/ky is of the same order or less than the inverse of the
ion Larmor radius.

One can derive the dispersion relation using linearised two-fluid model.
Taking into account the magnetic Lorentz force, and neglecting the ion tem-
perature in 2.12, we get

min0
∂u1

i

∂t
= en0(−∇φ1 + u1

i ×B0) (2.35)

men0
∂u1

e

∂t
= −en0(−∇φ1 + u1

e ×B0)− Te∇n1
e
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we combine these equations with the ion continuity equation and charge
neutrality condition:

∂n1
i

∂t
+ n0∇ · u1

i + u1
i · ∇n0 = 0 n1

i = n1
e (2.36)

We ignore the electron inertia in 2.35, whose z-component then yields the
Boltzmann relation n1

e/n0 ∼ eφ1
e/Te, while the perpendicular component yields

the electron drift across the magnetic field. We use a Fourier representation

(n1,u1, φ1) = (ñ1, ũ1, φ̃1) exp(ik · r− iωt) (2.37)

where r stands for the position vector (x, y, z). Applying 2.37 to 2.35 and
2.36, for the case when ω � Ωi = eB0/mi one gets:

ũ1
i⊥ = i

ẑ× kφ̃1

B0
+

ω

B0Ωi
kyŷφ̃1 ũ1

iz =
ekz
miω

φ̃1 (2.38)

In the first equation, the first term represents the E × B drift and the
second term is the polarisation drift (see next section). Together 2.35, 2.36,
2.37 and 2.38, assuming ω2 � Ω2(kz/ky)2, give:

ñ1
i

n0
=
(
k2
zTe

ω2mi
− kyTe
ωeB0n0

dn0

dx

)
eφ̃1

Te
(2.39)

from which using c2
s = Te/mi and 2.34, the dispersion relation is obtained:

ω2 − ω∗ω − k2
zc

2
s = 0 (2.40)

where ω∗ = kyu
0
ey is called the drift frequency.

2.3 Transport

The transport processes in tokamak plasmas are quite complicated, partly due
to geometrical effects and more seriously due to electromagnetic fluctuations.

2.3.1 Drift motion

When force F is applied to a charged particle in a direction perpendicular to
the static magnetic field B, a guiding centre motion is induced in the direction
perpendicular to both B and F, called the particle drift. The guiding centre
equation of motion for this situation is written as

m
dv̄
dt

= F + qv̄⊥ ×B (2.41)

where the left hand side vanishes at steady state. Taking the vector product
of the resulting equation with b, and applying relevant vector identity one gets
the drift velocity:

v̄⊥ =
F×B
qB2

(2.42)
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An effective force F can be provided due to presence of a static or time
varying electric field, curvature or gradient of the magnetic field and other
possible sources.

2.3.2 Classical and neoclassical transport

Consider a plasma immersed in a uniform magnetic field along the z-axis, B0êz.
In the absence of collisions, a charged particle executes a rotation around its
guiding centre which moves along a magnetic line of force. Collisions can
displace the guiding centre perpendicular to the field line. If we assume that
collisions are sufficiently rare, the sequence of displacements can be treated
as random events, and introduce the probability g(4r, τ) for the particle to
be displaced by 4r in time τ , being the mean time between collisions. Then
the particle density at position r = (x, y) = (r cosϑ, r sinϑ) and time t can be
written as:

n(r, t) =
∫
d(4r)n(r−4r, t− τ)g(4r, τ) (2.43)

Due to axisymmetry, g(4r, τ) can be assumed independent of ϑ, i.e. g(4r, τ).
We further assume that the dispersion of the radial displacement is propor-
tional to τ and can be given as:

∫
d(4r)g(4r, τ)(4r)2 = 2Dτ = 〈(4r)2〉 D = 〈(4r)2〉/2τ (2.44)

where D is called the diffusion coefficient. The expression for D in 2.44,
is useful for a wide class of problems to estimate transport coefficient in the
context of random walk. In the example of cross field diffusion, in a uniform
magnetic field the classical diffusion coefficient can be written as:

Dc = νρ2
L ρ2

L = 〈(4r)2〉/2 τ = 1/ν (2.45)

where ρL is the Larmor radius and ν is the electron-ion collision frequency.
Classical diffusion can be explained more elaborately using two-fluid equations
(2.11, 2.12, 2.13). When inertia terms are neglected, the equations of motion
for electron and ion fluids, under the quasi-neutrality condition n = ne = ni
become:

−ne(E + ue ×B)−∇Pe + nmeνei(ui − ue) = 0 (2.46)
ne(E + ui ×B)−∇Pi − nmiνie(ui − ue) = 0

In a cylindrically symmetric plasma column with uniform magnetic field
B0ẑ, only a radial electric field is produced, since density and temperature
depend only on r. The ϑ-component of 2.46 are written as:

−neuerB0+nmeνei(uiϑ−ueϑ) = 0 neuirB0−nmiνie(uiϑ−ueϑ) = 0 (2.47)



2.3. Transport 25

Summing up these equations 2.47, considering meνei = miνie we have
uir = uer. This means Γe = Γi, i.e. the diffusion is ambipolar. In fully ionised
plasma in cylindrical geometry, the ambipolar diffusion is established at steady
state due to conservation in electron-ion collisions. The radial components of
2.46 are written as:

−ne(Er + ueϑB0)− dPe
dr

= 0 ne(Er + uiϑB0)− dPi
dr

= 0 (2.48)

Equations 2.48 give us ueϑ and uiϑ, which combined with 2.47 gives:

Γer =
meνei
e2B2

0

d(Pe + Pi)
dr

(2.49)

The radial electric field causes a drift in the ϑ direction. In axisymmetric
toroidal plasmas the ambipolar condition is also satisfied automatically. If
Γe 6= Γi, charge separation occurs which produces a local electric field imposing
Γe = Γi.

Figure 2.1: Classical transport: In a cylindrical geometry the pressure profile
has only a radial gradient which leads to a poloidal diamagnetic drift in op-
posite directions for electrons and ions. The resulting poloidal frictional force
along with the magnetic field leads to a net radial drift

Let us consider transport in a tokamak geometry, where the particle and
heat fluxes are substantially larger than those which would occur in a cylinder.
The transport in a cylinder is called classical and that in a torus is called
neoclassical. Three collisional regimes can be identified: (i) The collisional,
Pfirch-Schülter, regime where a typical particle undergoes a collision before it
moves a path of length Lc. (ii) The Banana regime in which a trapped particle
completes a bounce orbit in less than a collision time. (iii) The plateau regime
where the collision frequency lies between the limits (i) and (ii). Whereas the
Pfirch-Schülter regime can be treated using the equations of resistive MHD,
the banana and plateau regimes require kinetic description. However here only
heuristic estimates are given.

(i) Pfirch-Schülter regime (ν > vT /Rq): relatively short mean free path
λ = vT τ < Lc. The particle drifts across the magnetic surface with a velocity
on the order of v⊥ = v2

T /ωcR0. The maximum displacement takes place when
v⊥ is multiplied by the time of flight along a section of the field line in which
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the curvature does not change its sign, which is of the order of t = L2
c/D‖,

where D‖ is the coefficient of longitudinal diffusion. Thus 4r ∼ v⊥t and
D = (4r)2/t = νρ2q2. The total diffusion coefficient including the classical
diffusion, is DPS = Dc(1+αnq2), where αn is a constant near unity. To obatin
a more complete expression for DPS one needs to consider convection caused
by the toroidal curvature.

(ii) The banana regime has the lowest collisionality ν < ε3/2vT /Rq. The
deviation of the particle orbit from the flux surfaces is determined by the drift
velocity due to gradient and curvature of B:

vd = vG + vc =
W⊥(B×∇B)

eB3
+

2W‖(Rc ×B)
eB2R2

c

(2.50)

where W⊥ and W‖ are perpendicular and parallel energy of the particle,
respectively. The predominant magnetic field variation in an axisymmetric
toroidal system results from B = Bt = B0(1−r/R cosϑ). The parallel velocity
can be expressed as:

v‖ = ±(2(W −W⊥)/m)1/2 = ±(2(W − µB)/m)1/2 (2.51)

where µ denotes the magnetic moment and it is conserved as an adia-
batic invariant. Equation 2.51 shows that when µB = W is satisfied or when
µB0/W > 1/ε, where ε = r/R, the parallel velocity vanishes and the particle
will be trapped in the local mirror field. This implies the drift in the guiding
centre motion due to magnetic field inhomogeneity is approximately vertical:
positively (negatively) charged particles drift downward (upward). The net
radial drift of trapped particles during a bounce, and a poloidal circuit of un-
trapped particles, is zero because in the presence of poloidal magnetic field,
the lowest order motion of the g.c. causes it to spend equal times above and
below the magnetic axis.

The guiding centre orbit of trapped particles on the poloidal plane is called
a banana orbit. For ∇B drift, the drift speed is of the order of mv2

⊥/eB0R
while the bounce time is τB ∼ Lc/v‖ where Lc = qR corresponds to the
connection length, i.e. the length of the field line starting from the outermost
region and ending at the innermost region of the cross section. For trapped
particles with µB0/W = 1− ε, from 2.51 one gets:

v‖ = (r/R)1/2vT d = vdτB = ρLB0/B
ϑ(r/R)1/2 (2.52)

where d is the banana width, which becomes much larger than ρL since
Bϑ/B0 = (r/qR) � (r/R)1/2 with the safety factor q ≥ 1 in tokamaks not
very close to the plasma axis. From 2.51, a particle is trapped if at ϑ = 0 its
pitch angle α satisfies

sinα = (W⊥(ϑ = 0)/W )1/2 ≥ (Bmin/Bmax)1/2 = ((1− ε)/(1 + ε))1/2 (2.53)

The fraction of trapped particles can be estimated from
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Figure 2.2: Poloidal projection of untrapped and trapped particle trajectories.
Diffusion of trapped particles is higher due to higher collision frequency and
characteristic length

ftrap = (1−
∫ α0

0
sinαdα) = (2ε/(1 + ε))1/2 ' (2ε)1/2 (2.54)

where α0 = sin−1(Bmin/Bmax)1/2, and an isotropic particle distribution
has been assumed. One can calculate an effective collision frequency for
scattering a trapped particle out of the trapped region [37], νeff = Rνc/r.
The diffusion coefficient for trapped particles can thus be estimated. The
characteristic length is d, the characteristic time 1/νeff , and only a fraction
(2ε)1/2 ∼ (r/R)1/2 of the particles are trapped, therefore:

D = νeffd
2(r/R)1/2 = (B0/B

ϑ)2(r/R)1/2Dc (2.55)

which is the diffusion coefficient in the banana regime.
(iii) In the plateau regime ε3/2vT /Rq < ν < vT /Rq: diffusion is dominated

by a class of slow circulating particles. These are particles which have such a
low v‖ that they suffer small angle collisions with 4v‖ ∼ v‖ during one small
transit round the torus. Since coulomb collisions are diffusive in velocity space
this characteristic value of v‖ round the torus: ν(vT /v‖)2 ∼ v‖/Rq, thus the
resonant velocity is given by v‖/vT ∼ (νRq/vT )1/3. Due to magnetic drift,
a particle with this resonant velocity drifts a radial distance d ∼ vdτ in a
transit time τ ∼ Rq/v‖, the fraction of resonant particles is ∼ v‖/vT , the
diffusion coefficient DP ∼ v2

dRqv‖/vT v‖ ∼ vT qρ2/R, i.e. formally independent
of collision frequency.

An interesting feature of the neoclassical transport is the bootstrap current.
In tokamaks the trapped electrons carry a diamagnetic current in the toroidal
direction associated with their banana orbits. Collisions between trapped and
passing particles transfer momentum to untrapped electrons. This must be
balanced by the loss of momentum due to collisions between electrons and ions
leading to a toroidal current, the bootstrap current.

Classical and Neoclassical transport mechanisms are always present in
tokamak plasmas. But, the observed transport levels are higher and are be-
lieved to be driven by instabilities. We discuss enhanced transport due to
electro-magnetic fluctuations and due to drift waves (for generality).
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2.3.3 Transport due to instabilities

Small fluctuations of the electric and magnetic field lead to small fluctuations
in the particle velocity and radial position. For low frequency fluctuations,
ω � ωci, so that particles gyro-motion is fast enough and can not be disturbed
by the slower fluctuations, a particle’s radial velocity is given as:

ṽr = (Ẽϑ + v‖B̃
r)/B (2.56)

The fluctuations in the particle’s radial motion can lead to both anoma-
lous particle transport and associated thermal transport. However, the net
transport depends not just on the level of the fluctuations but also on the cor-
relation between various quantities. Consider the radial particle flux Γ = nur
where ur denotes the fluid velocity. In a turbulent plasma, each quantity can
be written as a time averaged part plus a fluctuating part, e.g. n = 〈n〉 + ñ,
where the average is made over a time scale which is long compared to the
frequency of the fluctuations, so that 〈ñ〉 = 0 and n = 〈n〉 is the average or
macroscopic density. The net particle flux can be written as:

Γ = 〈(〈n〉+ ñ)(〈ur〉+ ũr)〉 = 〈n〉〈ur〉+ 〈ñũr〉 (2.57)

The contribution from the turbulence thus depends on the correlation be-
tween the density and radial velocity fluctuations:

Γ = 〈nur〉 =
∫ ∞
−∞

n∗(ω)ur(ω)dω (2.58)

where ñ(ω) and ũr(ω) are Fourier components with respect to the angular
frequency ω. On assumption that the the flux is ambipolar

Γ =
〈ñẼϑ〉
B

+
〈J̃‖B̃r〉
eB

J̃‖ = −e
∫ ∞
−∞

v‖f̃edv‖ (2.59)

J̃‖ is the fluctuation in the parallel electron current and f̃e is the fluctuating
part of the electron distribution function. The particle diffusion coefficient is
then defined by D = −Γ/(d < n > /dr). When this significantly exceeds
the neoclassical level, it is called anomalous diffusion. This definition is a bit
idealised as the turbulent flux can depend on many different quantities.

For low frequency electrostatic (B̃ = 0) microturbulence such as drift wave
turbulence, the heat flux depends on the correlation between the fluctuating
radial velocity ũr = Ẽϑ/B and the pressure fluctuations P̃ . The heat flux can
be written as:

Qr = 5〈ẼθP̃ 〉/2B Qr = 5TΓr/2 + qr (2.60)

where Qr is the total heat flux and qr is the conductive part. In addition to
2.60, the radial magnetic field fluctuations in finite β plasmas generate another
heat flux which results from that part of the large classical conductivity that
is now directed radially. The classical conductive heat flux is:
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q = −κ‖∇‖T − κ⊥∇⊥T (2.61)

where κ‖ and κ⊥ are the conductivity parallel and perpendicular to the
magnetic field, respectively. The contribution to the radial heat flux from
the magnetic fluctuations is obtained from 2.61 when the unit vector along
the magnetic field b, as well as the temperature, are written as an average
plus a fluctuating part b = 〈b〉+ B̃rr̂/B, where 〈b〉 is in the direction of the
unperturbed magnetic field. The radial component of the heat flux is obtained
by multiplying B̃rr̂/B by 2.61

qr = −κ‖〈|B̃r/B|2〉d〈T 〉/dr − κ⊥〈|B̃r/B|dT̃ /dr〉 (2.62)

where 〈∇‖〉〈T 〉 = 0 and the third order correlations terms which can arise
from fluctuations of κ‖ have been neglected. In 2.62, the first term repre-
sents the enhanced radial contribution of transport along perturbed field lines
and will be considered in our investigations. The second term represents the
enhanced contribution of transport perpendicular to field lines. Similar con-
sideration can estimate classical particle fluxes due to magnetic fluctuations.

We see now how drift waves that were discussed earlier (in section 2.2), can
lead to anomalous transport. The drift wave is a quasi-electrostatic wave which
propagates perpendicular to both the magnetic field and the density gradient.
Electrons move along the field line to compensate for the charge separation
by the ion E×B drift along the density gradient, i.e. to keep charge neutral-
ity. Neglecting electron inertia, the Boltzmann relation ñk/〈n〉 ∼ eφ̃k/Te is
maintained. However, by some means (e.g. electron-ion collisions), the poten-
tial propagation is delayed behind the density propagation. Then the E ×B
drift tends to enhance the density perturbation, since the drift from the high
(or low) density side takes place at the crest (or trough) of the perturbation.
The growth rate is naturally expected to be proportional to the phase delay
γ(k) ∼ δ(k).

Transport due to electrostatic drift waves can be estimated by quasilinear
calculations. An underlying assumption of the quasilinear theory is that there
exists a spectrum of linearly unstable normal modes whose amplitude is small
enough so that the interaction of the modes with each other can be neglected.
Quasilinear theory also assumes that the particles respond linearly to the wave.

Assuming quasi-neutrality and that the radial velocity fluctuation is due
to the fluctuating E × B drift, the fluctuation-induced particle flux can be
written from the first term of 2.59 as:

Γ = −Dd〈n〉
dr

=
〈ñẼϑ〉
B

(2.63)

In low frequency drift waves, the electrons reach a nearly Boltzmann dis-
tribution, and the density perturbation with the wave number k can be ap-
proximated as:

ñk = 〈n〉eφ̃k(1− iδk)
Te

(2.64)
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Figure 2.3: Drift waves grow when there is a phase shift between ñk and φ̃k

where φ̃k is the fluctuation in the potential and δk is a real small quantity
which stands for the phase difference between ñk and φ̃k. The particle flux
thus becomes:

Γ = 〈n〉 Te
eB

∑
k

kϑδk|ñk/〈n〉|2
eφ̃k(1− iδk)

Te
(2.65)

where kϑ is the poloidal wavenumber. The growth rate of the drift wave
is determined by δk. Usually δk ∼ γ(k)/ωr(k) ∼ γ(k)/ω∗e. Here ω∗e =
kϑTe/eBLn is the drift frequency. The diffusion coefficient can thus be ap-
proximated as:

D ∼ L2
n

∑
k

γ(k)|ñk/〈n〉|2 (2.66)

where Ln = 〈n〉/(d〈n〉/dr) is the scale length of the density gradient. This
expression is often used as a basis for estimating the amount of transport to be
expected from observed or estimated levels of density fluctuations. Quasilinear
calculation of the fluxes is very sensitive to the assumption of linear electron
response, as can be seen from its direct proportionality to δk. Moreover the
fluxes are also directly dependent on the fluctuation level |ñ/〈n〉|, which is
not determined in the quasilinear theroy. A frequently used estimate of the
fluctuation level is the ’mixing length’ limit, and gives the diffusion coefficient
as:

|ñ/〈n〉| = 1/k⊥Ln ⇒ D = γ(k)/k2
⊥ (2.67)

where k⊥ is the perpendicular wavenumber. In this limit, the perturbed
density gradient k⊥ñ is comparable to the mean density gradient, which is the
free energy source of the drift wave instability. Comparing the D here with
the random walk argument the correlation length is 1/k⊥ and the correlation
time is 1/γ.
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Magnetic islands

The first case of enhanced transport in plasmas due to MHD instabilities which
we consider here is that in the presence of magnetic islands.

3.1 Magnetic island geometry

Magnetic islands are well known phenomena in hot fusion plasmas gener-
ated by resonant perturbations of the magnetic field. The latter arise from
different sources such as MHD instabilities developing spontaneously when
some parameters approach a critical level, e.g., neoclassical tearing modes
[8, 9, 23, 26, 38, 46], or special coils introduced in order to control the plasma
behaviour [20, 27, 29, 48]. Recently such coils have been successfully used for
mitigation or even complete suppression of the edge localised modes in DIII-D
[44, 57] and JET [61] tokamaks.

In order to analyse transport through a magnetic island, it is useful to
understand the geometry of an island in a field aligned coordinate system. Here
instead of the toroidal coordinate system (r, ϑ, ϕ), one uses the coordinates
(r, ζ, η) where η is field aligned, and ζ is perpendicular to it as well as to
r, fig. 3.1. The physical coordinates of a point in the respective coordinate
systems would be (r, rdϑ,Rdϕ) and (r, ζ∗, η∗). Since r is common to both
coordinate systems, the other two components of both can be mapped on a
two-dimensional plane, as (ϑ, ϕ) and (ζ, η) lie on the same plane, since field
lines follow the concentric magnetic surfaces in case of unperturbed systems.
From dl × B = 0 one can see that B has an inclination α = cos−1Bϕ/B, to
the toroidal coordinate Rdϕ on a magnetic surface.

Observing the projections of an arbitrary point located on the two-dimensional
plane, on the coordinate axis of both coordinate systems, one obtains ζ∗ =
rϑ cosα−Rϕ sinα and η∗ = rϑ sinα+Rϕ cosα, whereupon considering cosα =
Bϕ/B ' 1, sinα = Bϑ/B and q = ∆ϕ/∆ϑ ≡ Bϕr/BϑR, one obtains
ζ∗ = r(ϑ− ϕ/q) and η∗ = r2ϑ/Rq +Rϕ. Seperating r from the expression for
ζ∗ we get the commonly used dimensionless coordinate ζ = ϑ− ϕ/q.

As mentioned before magnetic islands are generated by resonant pertur-
bations of the magnetic field. The magnetic field perturbations can be repre-

31
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Figure 3.1: Helical coordinate system: showing the toroidal (r, ϑ, ϕ) and field
aligned (r, ζ, η) coordinate systems

sented as a series of Fourier harmonics:

B̃ =
∑
m,n

B̃m,n sin ζ (3.1)

where ζ = mϑ − nϕ is the harmonic phase with periods m and n in the
poloidal and toroidal directions ϑ and ϕ, respectively. For the formation of
magnetic islands it is essential that such perturbations have radial components
B̃r which are not present in the main tokamak field composed of the poloidal
and toroidal componentsBϑ andBϕ, respectively. Due to B̃r field lines deviate
in the radial direction. This is especially pronounced in the vicinity of the
resonant magnetic surfaces (RS - also denoted by subscript s) where the safety
factor q, is equal to the ratio m/n. Here the corresponding Fourier harmonic
is constant along field lines. In such a situation the field line would experience
a constant radial deviation from the unperturbed surface, but this is avoided
due to the nonzero magnetic shear s = rdq/qdr, the field lines now have a
component ∆Bζ = Bζ

r − Bζ
s , with respect to alignment of the magnetic field

on the resonant surface, which moves the field line in ζ, where the radial
perturbation B̃r = B̃r

m,n sin ζ differs. Consequently field lines move up and
down relative to the unperturbed magnetic surface, going back to the starting
phase ζ0, where they intersect the resonant surface. The fact that resonance
with the magnetic perturbation weakens with the distance from the RS, which
implies B̃r

m,n decreases as the magnetic field moves away from the RS, also
plays a role in the island geometry, but to simplify our explanation we do not
concern ourselves with the radial variation of the perturbation.

For example, consider a perturbation with a particular fourier harmonic
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B̃m,n, where the radial perturbation at any point in phase space (r, ζ, η) is
given by (B̃r = B̃r

m,n sin ζ). To begin with, consider a field line intersecting the
resonant surface at the phase angle ζ ∼ ζ0, measured from the O-point ζ = 0,
and located between the O-point and the X-point ζ = π. For such a field line
B̃r > 0, i.e. it moves radially outwards relative to the magnetic axis, and since
s⇒ q′ > 0 it now has a component ∆Bζ < 0 which means that it is deviating
from its original direction towards a −ζ direction, this can be appreciated
from ∆ζ/∆r = −q′∆ϑ/q, where ∆r,∆ϑ and ∆ζ are the corresponding radial,
poloidal and phase deviation w.r.t. the unperturbed magnetic surface. The
B̃r decreases with decreasing ζ. Eventually both ζ, B̃r = 0, a point where the
field line reaches a maximum outward radial deviation. At this point since the
field line has a component Bζ =

∑
∆Bζ∆r < 0, it continues to move towards

ζ < 0, with which B̃r < 0 increases in magnitude and the radial deviation
of the field line decreases, consequently ∆ζ/∆r > 0 ⇒ ∆Bζ > 0, thus the
field line moves towards the resonant surface and a lower phase angle, but at
the same time aligns towards the field line direction on the resonant surface,
which it finally achieves on reaching the resonant surface i.e. Bζ = 0.

At the resonant surface now ζ ∼ −ζ0 < 0 and therefore B̃r < 0, the
field line moves radially towards the magnetic axis, and due to shear the field
line know has a component ∆Bζ > 0 which means that it is deviating from
its direction on the resonant surface towards a +ζ direction. The B̃r < 0
decreases in magnitude with increasing ζ, until finally both ζ, B̃r = 0, a point
where the field line reaches a maximum inward radial deviation. At this point
since the field line has a component Bζ =

∑
∆Bζ∆r > 0, it continues to

move towards ζ > 0, with which B̃r > 0 increases in magnitude and the radial
deviation of the field line decreases, consequently ∆ζ/∆r < 0 ⇒ ∆Bζ < 0,
thus the field line moves towards the resonant surface and a higher phase angle,
but at the same time aligns towards the field line direction on the resonant
surface, which it finally achieves on reaching the resonant surface i.e. Bζ = 0.
At this point the phase angle corresponds to ζ ∼ ζ0, and the magnetic field
line in end effect traces a path which appears like an island fig. 3.2.

Let us see what happens with a magnetic field line not crossing a resonant
surface, but is close to the resonant surface. Such a field line is out of phase
with the harmonic perturbation B̃r = B̃r

m,n sin ζ. Consider a starting phase
ζ0, with respect to the resonant surface, like for the case above, where now
this field line intersects the unperturbed surface at this radial position. Since
the magnetic field line is close to the magnetic surface one can assume that
the radial perturbation level is very similar as for a field line intersecting the
resonant surface. Like for the case discussed above the field line deviates away
from the magnetic axis till it reaches the O-point whereon it starts deviating
radially towards the magnetic axis. When it reaches −ζ0, the field line as it
was out of phase with the perturbation is still moving in −ζ direction until it
reaches a point in the phase space (r, ζ) just above the X-point. Since the field
line is above the X-point, it is directed in −ζ direction due to shear s, and at
the X-point B̃r < 0 changes to B̃r > 0. Hence the field line deviates again
away from the magnetic axis and reaches the phase ζ0, whereon it undergoes
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the same cycle of deviations, an end effect of waving of the magnetic field line
w.r.t to the resonant surface. Similar argument is valid for field lines further
away from the resonant surface, with the amplitude of B̃r decreasing with
distance from it.

To get insight into the description of the behaviour of the perturbed field
lines we make a short analysis. The perturbed magnetic field on the resonant
magnetic surface is given by:

B̃r = B̃r
s sin ζ (3.2)

The cross product of displacement along the field line on the resonant
surface with the magnetic field yields zero, since they are essentially in the
same direction, this gives us the field line equations:

dl×B = 0 ⇒ dr

B̃r
=
Rdϕ

Bϕ
=
rdϑ

Bϑ
(3.3)

The safety factor at the resonant magnetic surface (r = rs) is, qs =
Bϕrs/BϑR = m/n. Close to the resonant magnetic surface, the Poloidal
magnetic field changes radially due to magnetic shear s = rdq/qdr. Making a
Taylor expansion of Bϑ close to the resonant surface, where x = r − rs:

Bϑ = Bϑ
s +

dBϑ

dr
|rs · x Bϑ ≡ Bϕr

qR

dBϑ

dr
|rs =

Bϕ

qsR
− Bϕrs

q2
sR

dq

dr
|rs =

Bϑ
s

rs
(1− ss) (3.4)

Bϑ = Bϑ
s

[
1 +

x

rs
(1− ss)

]
Differentiating the equation ζ = mϑ−nϕ to get a relation between change

in ζ of the deviating field line w.r.t. ϕ on the resonant magnetic surface, one
gets:

dϑ

dϕ
=

1
m

dζ

dϕ
+

1
q0

(3.5)

From (3.2, 3.3, 3.4, 3.5), with the assumption x� rs, we get for the radial
deviation of a field line from the resonant surface:

x =
w

2

[
ξ2 − sin2 ζ

2

]1/2

(3.6)

here, w = 4
(
rsRB̃

r
s/ssnB

ϕ
)1/2

and ξ = δ/w, where δ is the width of a
sub-magnetic surface formed as a result of the perturbation of the resonant
surface and w is the width of the island separatrix. At any phase angle ζ0, the
width of the separatrix w∗ = w cos(ζ0/2), the width of the magnetic surface
δ∗ = w

[
ξ2 − sin2(ζ0/2)

]1/2 and ξ∗ = δ∗/w.
The equation 3.6, can also be written as:
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Figure 3.2: Island geometry, as seen on a plane in the phase space r, ζ

Ω = 8
( x
w

)2
− cos ζ (3.7)

Here Ω is a label for the magnetic surface. Ω = 1 is called separatrix since
it separates the regions of qualitatively different behaviour: for Ω > 1 the
perturbation does not change the topology of original magnetic surfaces and
waves them slightly in the radial direction; for Ω < 1 the topology is changed
so that magnetic surfaces encircle the short-circuited field line passing through
the point ζ = 0 on the RS. The cross-section of the separatrix by the plane
r, ζ looks like a chain of m magnetic islands with the radial width w.

The deviation of magnetic field lines from unperturbed magnetic surfaces
results in an enhancement of the effective particle and heat losses from the
plasma. Radial gradients of plasma parameters have nonzero projections along
such lines and drive parallel particle and heat flows which contribute to the
radial transport. We proceed now with analysis of such transport.

3.2 Fitzpatricks model for transport through mag-
netic islands

Fitzpatricks analysis is an analytical approach to investigate transport through
magnetic islands. The basis of this model is described here since it has been
extended in the next chapter to determine the heat flux limit for the specific
case of an heated magnetic island. Critical assumptions about the temperature
at certain points in the analysis, may lead to some doubt about the accuracy
of the predictions of this otherwise rigorous model.

The heat flow in the plasma in the presence of RMP is governed by
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q = −κ‖∇‖T − κ⊥∇⊥T (3.8)

where ∇‖T ≡ (b ·∇T )b and ∇⊥T ≡ ∇T −∇‖T , with b = B/|B| ' B/Bz.
In regions of the plasma where there are no significant sources and sinks of
heat ∇ · q = 0, so eq. 3.8 yields:

κ‖∇2
‖T + κ⊥∇2

⊥T = 0 (3.9)

In the vicinity of the rational surface, b · ∇ ' −(nss/R0rs)x(∂/∂ζ)Ω and
∇2
⊥ ' r̂(∂2/∂x2)ζ , in the thin island limit w � rs. For a resonant perturbation

(δT ∼ 1/x) the parallel conduction part of (3.9) dominates the perpendicu-
lar conduction whenever |x| � xc ∼ (κ⊥/κ‖)1/4(R0rs/nss)1/2. This implies
that, far from the rational surface (x � xc), the parallel conductivity forces
temperature to be a function of the perturbed flux surfaces, and conversely so
close to the rational surface (x� xc).

Outside the island (|x| � xc, w), the temperature remains a function of
helically displaced perturbed magnetic surfaces. If T0(r) is the unperturbed
equilibrium temperature profile, the temperature perturbation associated with
a RMP is given by:

δT (r, ζ) ' −∇T0 · ξ = −T ′0(r)ξr (3.10)

Far from the island (|x| � xc, w or Ω � 1) magnetic surfaces are slightly
waved by RMP. From 3.7 one finds for the radial displacement ξr of a point

with the phase ζ from the unperturbed surface placed at x = w
√

Ω
8 :

ξr = w

√
Ω + cos ζ

8
− w

√
Ω
8
≈ w

√
Ω
8

cos ζ
2Ω

=
w2 cos ζ

16x

where Taylors expansion has been done by taking into account that |cos ζ| /Ω�
1. High parallel heat conduction preserves the constant temperature on per-
turbed magnetic surfaces equal to the temperature without RMP at the minor
radius r = rs + x, T0(r) ≈ T0(rs) + T ′0(rs)x. Thus

T (r, ζ) = T0(r) + T ′0(rs)ξr = T0(rs) + T̃ (x, ζ) (3.11)

where

T̃ (r, ζ) = T ′sx+ w2T ′s cos ζ/16x (3.12)

and T ′s = T ′0(rs) is the equilibrium temperature gradient at the resonance
surface. The temperature profile given by equation 3.11 provides the boundary
condition for the temperature in the region beyond the island which to lowest
order has to be antisymmetric about the rational surface, T̃ (−x, ζ) = −T̃ (x, ζ).
On the contrary, the island temperature profile is assumed to be symmetric
about the O-point, T̃ (x,−ζ) = T̃ (x, ζ) and periodic in the helical phase angle
T̃ (x, ζ + 2π) = T̃ (x, ζ), this is expected from the symmetry of the island
structure.
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Let X = 4x/wc and wc = (κ⊥/κ‖)1/4(8R0rs/nss)1/2. Close to the reso-
nance surface, |x| � rs the heat diffusion equation 3.9 can be written as:

1
4

[
(
w

wc
)2sinζ

∂

∂X
+X

∂

∂ζ

]2

T̃ +
∂2T̃

∂X2
= 0 (3.13)

The last term corresponds to heat diffusion perpendicular to magnetic field
lines effected by radial temperature gradient and depends on κ⊥. The terms
in the bracket depend on κ‖ and correspond to heat diffusion along the field
lines, the first term due to the radial temperature gradient and the second
term due to the temperature gradient along the field lines.

Small island limit.- In this limit (w � wc), the temperature is not a func-
tion of the island flux surfaces, due to small perturbation of magnetic surfaces,
the parallel thermal conductivity is not effective enough to equilibrate the tem-
perature along the flux surfaces. The periodicity of the temperature pertur-
bation in ζ allows a fourier decomposition, which also satisfies the symmetry
requirement:

T̃ (X, ζ) =
∞∑
ν=0

T̃ν(X) cos νζ (3.14)

By taking into account terms of the zeroth and first order we substitute
the approximate solution T̃ (r, ζ) = T̃0 (X) + T̃1 cos ζ into equation 3.13. From
the equality of terms independent of ζ and proportional to cos ζ on the left
hand side (LHS) and right hand side (RHS) of this equations one get:

d2T̃0

dX2
' 0

d2T̃1

dX2
− X2T̃1

4
' −1

4
(
w

wc
)2X

dT̃0

dX
(3.15)

Since X is dimensionless, it is seen from the above equations that T̃ν/T̃o ∼
(w/wc)2ν . This confirms that contributions with ν ≥ 2 can indeed be ne-
glected in T̃ (r, ζ). Application of the antisymmetric boundary condition 3.12
yields T̃o ' wcT

′
sX/4. Thus for the first order component we have T̃1 '

w2T ′sf(X)/16wc where the function f is governed by the equation:

d2f

dX2
− X2f

4
= −X (3.16)

The physical constraints on the solution of (3.16) are f(0) = 0 and f → 0
as |X| → ∞, i.e. at the resonant surface and far from the resonant surface the
island does not disturb the unperturbed equilibrium temperature. For X → 0
one can neglect in equation 3.16 the second term on the LHS and with the
boundary condition at X = 0 this results in f ≈ CX − X3/6. For large X
the first term on the LHS can be neglected and f ≈ 4/X in agreement with
the boundary condition 3.12. Both asymptotic solutions above have to be
conjugated at some point X∗ under the assumption of the continuity of f and
its derivative. This results in X∗ = 4

√
24 ≈ 2.2 and C = 4/X2

∗ +X2
∗/6 ≈ 1.63.

The maximum fmax = (2C)3/2 /3 ≈ 1.96 is achieved at Xmax =
√

2C ≈
1.8. These estimates are in rough agreement with the results of numerical
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evaluation of f(X) in Ref. [28] in the region X > 0 providing C ≈ 1.2,
fmax = 1.44 and Xmax ' 2.

Thus, in the small island limit

δT (r, ζ) ≡ T (r, ζ)− T0(r) ' 1.2w2T ′sx cos ζ
4w2

c

(3.17)

in the vicinity of the rational surface, for |x| � wc/2, and

δT (x, ζ) ' w2T ′s cos ζ
16x

(3.18)

far from the island for |x| � wc/2.
Large island limit.- In this limit (w � wc), the temperature is a function

of the island flux surfaces i.e. T̃ = T̃ (Ω), this can be seen from (3.13) written
in a different form:

1
4

(
w

wc
)2 ∂

∂ζ
(Ω− cos ζ)1/2∂T̃

∂ζ
+

∂

∂Ω
(Ω− cos ζ)1/2∂T̃

∂Ω
= 0 (3.19)

On flux surfaces situated inside the separatrix (Ω < 1), the temperature is
antisymmetric T̃ (−x, ζ) = −T̃ (x, ζ) about the resonant surface, and together
with T̃ = T̃ (Ω) this leads to T̃ = 0, which means that the temperature is
flattened within the island separatrix. Averaging (3.19) over the helical phase
angle ζ, making use of the periodicity constraint T̃ (x, ζ + 2π) = T̃ (x, ζ)

d

dΩ

(∮
(Ω− cos ζ)1/2 dζ

2π
dT̃

dΩ

)
= 0 (3.20)

Carrying out integration over Ω gives

dT̃

dΩ
= ± c

(
∮

(Ω− cos ζ)1/2 dζ
2π

(3.21)

where c is a constant, and ± corresponds to x ≷ 0. The integral can be
written as a standard elliptical integral:∮

(Ω− cos ζ)1/2 dζ

2π
=

(8)1/2kE(1/k)
π

(3.22)

where k = ((Ω+1)/2)1/2, α = π/2−ζ/2 and E(l) =
∫ π/2

0 (1−l2 sin2 α)1/2dα.
For the limit w � |x| � rs, the temperature profile can be described by,
T̃ (r, ζ) = T ′sx+w2T ′s cos ζ/16x, which provides us with a boundary condition.
Differentiating this temperature profile with Ω, considering Ω = 8(x/w)2 +
cos ζ and w � |x|, one obtains c = wT ′s/(32)1/2 for (3.21), which along with
(3.22) gives:

dT̃

dΩ
= ± πwT ′s

16kE(1/k)
(3.23)
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Close to the island the periodicity of the temperature perturbation in ζ
allows a fourier decomposition, which also satisfies the symmetry requirement:

δT (x, ζ) =
∞∑
ν=1

δTν(x) cos νζ (3.24)

From T (r, ζ) = T0(r)+δT (r, ζ) = T0(rs)+ T̃ (x, ζ), one can by substitution
for δT (r, ζ) find the fourier coefficients δTν(x), considering that terms that
remain constant in ζ cancel out in the cyclic integral:

δTν(x) =
1
π

∮
T̃ (x, ζ) cos νζdζ (3.25)

Considering the symmetry of cosine about ζ = π, and carrying out the
integration by parts yields:

δTν(x) = ±wT
′
s

16ν

∫ ζc

0

cos(ν − 1)ζ − cos(ν + 1)ζ
kE(1/k)

dζ (3.26)

Since (3.23) is valid only for regions outside the island separatrix, the
integration limits are restricted:

ζc = cos−1(1− 8x2/w2) |x| < w/2 ζc = π |x| > w/2 (3.27)

In the asymptotic limit x� w/2, (3.26) yields

δT1(x) ' w2T ′s
16x

δTν>1(x) ' wT ′sð[(
w

x
)3] (3.28)

In the opposite limit x� w/2, (3.26) yields

δTν(x) ' 8wT ′s
3

(
x

w
)3 (3.29)

Fitzpatrick’s approach discussed above provides solution for the heat trans-
port equation for the cases of large and small island limits, that is when either
the temperature can be assumed to be a function of the flux surfaces or not.
Solutions for the intermediate regime have not been found yet and therefore we
propose in the next section an alternative method to approach this problem.

3.3 Transport across non-overlapped islands

In this section we propose a model in order to assess the effective radial heat
conduction in a configuration where the heat flux from the plasma core comes
through non-overlapped island chains. On the one hand, compared to previous
analytical studies [17, 28] (see previous section), the present approach treats
on the same foot cases with arbitrary parameter ς = 4κ||b2r/κ⊥, where κ⊥
and κ|| are the heat conduction components perpendicular and parallel to
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Figure 3.3: Transport paths through a magnetic island

the magnetic field. The parameter ς is equal to (w/wc)
4 with wc being the

critical island width introduced in Ref. [28]. There the limit cases of ”small”,
w � wc (ς � 1), and ”large”, w � wc (ς � 1), islands have been considered
analytically. On the other hand, it illustrates in a more transparent way than
a pure numerical approach [60, 62, 75] what parameters are of concern for the
effective transport characteristics, and provides a computationally economical
method to find the dependencies on these parameters.

The ”optimal path” method applied below was used in Ref.[33, 58] for as-
sessement of transport characteristics in a stochastic magnetic field. It asserts
that in a region where heat sources are negligible, in particular, at the plasma
edge, the heat supplied from the plasma core is transferred predominantly
along paths providing the minimum temperature change. There is a direct
relation between this approach and the principle of minimum entropy produc-
tion [4]. Under conditions in question, i.e., for zero heat source, the entropy
production rate per unit volume, θ, is given by the relation θ = q · ∇ (1/T )
[6], where q is the heat flux density and T is the single fluid temperature. By
applying this relation to a toroidal shell between two close radial positions,
r1,2, so that r2 − r1 � r1,2, one gets for the total entropy production rate in
this shell: ∫

θdV =
P∆T
T1T2

(3.30)

with P being the total power transferred through the shell, T1,2 the av-
eraged temperatures on its boundary surfaces and ∆T = T1 − T2. Thus,
the minimum entropy production rate accords to the minimum temperature
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change ∆T .
Henceforth we consider the case of m � 1 so that br is not very differ-

ent for the adjacent RS and the islands have close dimensions in the radial
and ζ directions. All heat paths can be combined from elementary sections
connecting the symmetry plane and the RS of one of the island chains, see
Fig.3.3. The distance between these two surfaces, x0 = w/(2σCh) where σCh
is the so called Chirikov parameter [29]. The situation with non-overlapped
island chains considered here corresponds to σCh < 1. Henceforth we take
into account only heat paths which are composed from sections aligned either
in the radial direction or are parallel to the magnetic field. In the former case
the radial flux with the density qr is mostly transported by the perpendicular
heat conduction:

qr ≈ −κ⊥∂T/∂r (3.31)

and in the latter one - by the parallel one:

qr ≈ −
(
κ||∇||T

)
Br/B = −κ||b2r sin2 ζ∂T/∂r (3.32)

We consider paths including one or two parallel sections which can be
placed either inside or outside the island, see Fig.3.3. The initial and final
positions of these section are varied in the whole space from the symmetry
surface to the RS and optimal paths with the minimum total temperature
change are selected. The selection procedure does not exclude sections of zero
length. Therefore, depending on the perturbation strength and initial phase
of the path at the symmetry surface, the optimal one can be a combination of
up to two parallel and three radial segments. The approach can be straight-
forwardly generalised on a larger number of parallel sections. This leads to
noticeable increase of computation time but, presumably, does not provide
any significant improvement, as it follows from comparison of results obtained
for paths with one and two parallel segments.

The total temperature change along all radial sections of such a path fol-
lows from integration of 3.31. With constant κ⊥, one gets for the temperature
change along a path aligned in the radial direction:

∆⊥T =
qr
κ⊥

x0 −
jmax∑
j=1

(
xjb − x

j
t

)
where xjb,t are the distances from the RS of the beginning and terminating

points of the parallel section j and jmax = 1 or 2 in this study. By using the
relation 3.7 we get from 3.32 for the parallel path sections:

∆j
||T =

qrw

8κ||b2r
ηj

with
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Figure 3.4: The ratio of the effective radial heat conduction to the perpen-
dicular one as a function of the parameter ς = 4κ||b2r/κ⊥ computed for differ-
ent magnitudes of the Chirikov parameter σCh: σCh = 0.9 (solid curve), 0.8
(dashed curve), 0.6 (dash-dotted curve) and 0.3 (dotted curve).

ηj =
w

4a
ln

(
a+ xjb

)(
a− xjt

)
(
a+ xjt

)(
a− xjb

) +

+
w

2c

(
arctan

xjb
c
− arctan

xjt
c

)
for a section inside the island and

ηj =
w

4a
ln

(
a+ xjb

)(
a− xjt

)
(
a+ xjt

)(
a− xjb

) +

+
w

4c
ln

(
xjb − c

)(
xjt + c

)
(
xjt − c

)(
xjb + c

)
for that outside.

Here

a =

√
1− cos ζj

2
w2

4
+
(
xjb

)2

c =

√∣∣∣∣1 + cos ζj
2

w2

4
−
(
xjb

)2
∣∣∣∣

where ζj is the initial phase of the j path parallel section; the initial phases
of consequent sections are related as follows:

cos ζj+1 = cos ζj +
8
w2

[(
xjt

)2
−
(
xjb

)2
]
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Figure 3.5: Optimal paths beginning at the symmetry surface with the initial
phases 0.1 (solid curves) and 1 (dashed curves) found for ς = 10 (a) and
ς = 104 (b) with σCh = 0.9.

Optimal paths are selected by varying xj=1,..,jmax
b,t in the whole range [0, x0]

and looking for the minimal total temperature change ∆T = ∆⊥T +
jmax∑
j=1

∆j
||T .

The effective radial heat conduction of the optimal path, κeff , is defined ac-
cording to the relation:

qr = κeff
∆T
x0

After averaging over the path initial phase at the symmetry surface we
finally get:

〈κeff 〉
κ⊥

=

π∫
0

dζ1/π

1−
jmax∑
j=1

[
2
w

(
xjb − x

j
t

)
− ηj/ς

]
σCh

(3.33)

with the definition x0 = w/(2σCh) taken into account.
Thus ς = 4κ||b2r/κ⊥ and σCh are the only parameters which characterise the

enhancement of κeff and 〈κeff 〉 over κ⊥. Figure 3.4 shows the ς-dependence of
the ratio 〈κeff 〉 /κ⊥ for different magnitudes of σCh computed for paths with
up to 3 radial and 2 parallel sections. One can see that the parallel transport
contributes to the perpendicular one, i.e., optimal paths include fractions along
field lines, if ς ≥ 4. The enhancement level saturates when ς exceeds 103 −
104, depending on σCh. In this case the temperature change in the island
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Figure 3.6: The ratio of the effective radial heat conduction to the perpendic-
ular one as a function of the parameter ς computed for different magnitudes
of the Chirikov parameter by taking into account heat paths with up to two
(solid curve) and one (dashed curves) parallel sections.

approaches to zero in correspondence to the ”large” island approximation of
Ref.[28].

The optimal paths, beginning with different phases at the symmetry plane,
found for different strength of perturbations and σCh = 0.9, are shown in
Fig.3.5. One can see that such paths can be all possible combinations of ra-
dial and parallel sections. With increasing perturbation level and approaching
to the ”large” island limit the parallel sections approach closer and closer to
the separatrix. However the final parallel section is always inside the island
because (i) at the separatrix the parallel transport becomes less and less ef-
ficient by approaching to the X-point and (ii) beyond the island all parallel
segments terminate at a finite distance from the RS, i.e., the heat path has to
be finished with a radial section contributing strongly to ∆T for ς � 1

Finally, in fig. 3.6 we compare the transport enhancement obtained by
considering paths with maximally one and two parallel sections. One can see
that the difference between two approaches is not very significant. This is an
indication that further increase of the number of parallel sections taken into
account, which would lead to a significant rise of computational time, will not
noticeably change the results.

In this chapter an analytical approach by R. Fitzpatrick [28], to investi-
gate transport of heat originating from core plasma and passing through non-
overlapped magnetic island chains is presented. Due to limited applicability of
this approach to the cases of ”small” and ”large” islands, the ’Optimal path’
approach, which is based on the principal of minimum entropy production has
been applied for the same problem. This model shows that the effective heat
conduction κeff through islands increases with κ‖ and with the perturbation
level, characterised by σch, and reaches a saturation level with κ‖, which cor-
responds to the case where the temperature change in the island disappears.
Also with increasing σch and κ‖, heat is carried predominantly close to the
separatrix.



Chapter 4

Transport from internally
heated magnetic islands

In a situation where magnetic field perturbations are so strong that the trans-
port parallel to field lines contributes significantly to effective radial heat trans-
port, the magnitude of parallel heat conduction is of principal importance.

In plasmas the dominant contribution to κ|| is due to light electrons. If
electrons collide with each other often enough, the Spitzer-Härm formula can
be used [6]: κ|| ≈ κSH‖ = 3.16nVthλ, with n, Vth =

√
T/m and λ being the

density, thermal velocity and collision mean free path length of electrons, T
and m are their temperature and mass, respectively. With reducing collision-
ality this approximation becomes inadequate when λ exceeds some per mill of
the characteristic dimension for the temperature change, LT = 1/| 5‖ lnT |,
i.e., much earlier than the fluid approximation breaks down. The reason for
this is that heat carrying electrons with velocities by a factor of 3 − 4 larger
than Vth get collisionless [21]. The importance of these suprathermal particles
for the heat conduction process manifests also in the fact that contradictory
to naive expectations the free-streaming heat flux, ξnVthT with ξ ≈ 1, fails
to explain the heat transfer in a collisionless case. This has been demon-
strated by interpreting laser fusion experiments. These studies [10] have eluci-
dated that a significant heat flux limitation has to be introduced by assuming
0.03 ≤ ξ ≤ 0.1. Fokker-Planck simulations of laser produced plasmas [14]
and tokamak scrape-off layer with strong recycling [21] have theoretically con-
firmed this limitation arising due to non-local effects. These effects reduce the
perturbation in the distribution function caused by the temperature gradient
and being responsible for the heat conduction process [22].

Since it is the uni-direction heat flux one is interested in, one considers a
half-Maxwellian distribution function. The distribution function of particles
and the parallel free stream heat flux density are given as:

45
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q‖ =
∫
dv‖

∫ ∞
0

v‖f(v‖, v⊥)
m(v2

‖ + v2
⊥)

2
2πv⊥dv⊥ (4.1)

f(v‖, v⊥) = n
( m

2πT

)3/2
exp

[
−
v2
‖ + v2

⊥

v2
th

]
With velocity components parallel v‖ and perpendicular v⊥ to the magnetic

field, and vth = (2T/m)1/2. A half-Maxwellian distribution means 0 ≤ v‖ <
∞, and full-Maxwellian distribution −∞ < v‖ <∞, using these in 4.1 as limits
or the integral over the v‖ component of the velocity space gives us the free
streaming heat flux qFS‖ and q‖ = 0, respectively. Consider some plane at a
position x in the plasma. Particles from both sides pass and generate net heat
flux through this plane. If there is a temperature gradient two situations are
possible: (i) particles collide very often and their energy is determined by the
temperature at moment of last collision, resulting in normal heat conduction;
(ii) particles do not collide often, but there is ambipolar electric field which
equalises electron and ion flows, such a field brakes electrons coming to the
plane from hotter side and accelerates those from the colder side. This reduces
difference in energies of electrons crossing the plane in question and provides a
distribution function of particles at the plane position close to a full two-side
Maxwellian one with the local temperature. Such a distribution results in a
much smaller heat flux in the direction of reducing temperature than a half-
Maxwellian one leading to free stream heat flux. This is a qualitative picture
of the heat flux limit. In the following sections we elucidate the heat flux limit
for tokamak plasmas, by analysing transport of heat from heated magnetic
islands.

4.1 Transport through heated magnetic islands

Up to now there is a lack of experimental evidences for the existence of the
heat flux limit in tokamak plasmas. Here we analyse from this point of view
recent experiments on the tokamak TEXTOR where a tearing mode with the
poloidal and toroidal wave numbers m and n equal to 2 and 1, respectively, was
triggered by the dynamic ergodic divertor (DED) [48]. The arising magnetic
islands were heated by electron cyclotron resonance heating (ECRH) [49] and
detailed measurements of the electron temperature profile in islands have been
performed with the 2D electron cyclotron emission imaging (ECEI) diagnostic
[65]. By interpreting these results the heat conduction components, both
perpendicular and parallel to the magnetic field, κ⊥ and κ||, respectively, are
determined. For this purpose an ”optimal path” method is applied and it is
demonstrated that the found κ|| agrees with the heat flux limit concept. The
elucidated limit factor ξ is at the lower edge of the range established earlier in
laser plasma experiments [10].

Optimal path method.- In previous analytical theoretical studies of the heat
transfer in magnetic islands, see, e.g., Ref. [17, 28] (see previous chapter), a
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critical assumption on the temperature perturbation antisymmetry about the
resonant surface has been made. This means, in particular, the temperature
at the O-point remains the same as in the case without the island. In the
experiments in question [65] this assumption is, however, violated since owing
to heating of the island interior the temperature profile acquires a maximum in
the O-point. In order to evaluate the transport characteristics we apply here
the approximate ”optimal path” method as proposed in the previous chapter.
This method implies that the injected heat is transferred out of the island
predominantly along paths providing the smallest temperature change.

There is a direct relation of this approach to the principle of minimum
entropy production [4]. As previously, in a plasma region where heat sources
are negligibly small the entropy production per unit volume, θ, is given by the
relation θ = q · ∇(1/T), where q is the heat flux density. By applying this
relation to the magnetic island, fig. 4.1, we take into account that the total
ECRH power has been launched into the layer being centred on the resonant
surface (RS) and much thinner than the island width. Owing to the island
rotation the power is distributed nearly homogeneously over the RS. Therefore
we assume that the heat deposition layer is infinitesimally thin. The deposited
heat flows out from the RS towards both branches of the separatrix with the
initial heat flux density qs = PECRH/

(
8π2rsRs

)
, where PECRH is the heating

power, rs and Rs are the minor and major radius of the RS. By integrating
over the volume between the RS and one of the separatrix branches, we get:∫

θdV =
PECRH

2Ts · Tsep
∆T (4.2)

with Ts being the averaged temperature on the RS, Tsep the temperature
on the separatrix being, according to Fig.2c of Ref.[65], nearly constant, and
∆T = Ts − Tsep. Thus, the minimum temperature difference corresponds to
the minimum of entropy production.

Consider the part of RS not very close to the X-points. It is logical to
assume that optimal paths beginning here can be composed of two parts,
see fig. 4.1. The first one is aligned along field lines, since at the RS the
parallel transport contributes maximally to the radial heat loss. With the
phase angle ζ ≡ mϑ − nϕ approaching to zero this contribution decreases
because the radial flux component is proportional to the radial magnetic field
perturbation, Br = Br

s sin ζ. Therefore at some ζ∗ the parallel heat transfer
becomes inefficient and heat is transported further along the second radial
part of the path, perpendicularly to the magnetic field. Near the X-point
the chosen very primitive optimal paths can not correspond to reality. The
parallel transport at the RS becomes less and less effective since Br → 0 when
ζ → π and an optimal path here should begin from a radial part. Moreover
the transport of the main ohmic heat generated in the plasma core takes place
also mainly through the X-points, see Fig.2a of Ref. [65]. This makes the
composition of the optimal paths even more tricky and the whole concept loses
attractiveness due to simplicity compared to a direct numerical treatment, see,
e.g., Ref. [60].
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Figure 4.1: Schematic view of a magnetic island with a heat path originating
at the resonant surface at the phase angle ζrs and ending at the separatrix at
the phase angle ζ∗

In a quasi-stationary state the heat flux continuity along the parallel part
of the path is governed by the equation:

qs = −
(
κ||∇||T

) Br

B
g = −κ||b2r sin2 ζ

∂T

∂x
g (4.3)

where br = Br
s/B with B being the total magnetic field, i.e., nearly its

toroidal component, g is the metric coefficient taking into account the variation
of the cross section of the parallel path part with the phase ζ and distance to
the RS [45],

x =
w

2

√
cos ζ − cos ζs

2

with ζs being the initial phase angle of the path at the RS, w = 4
√
br
rsR
ssn

the island width, ss is the magnetic shear. By considering the intersections
of the normal vector with the path borders beginning at ζs and ζs + dζs, one
gets (see Appendix B)

g =
sin ζs√

sin2 ζ + 32
(
rs
wm

)2 (cos ζ − cos ζs)
(4.4)

By integrating (4.3) one finds the temperature change along the parallel
part of the path:

∆||T =
qsrs

κ||b2rm sin ζs

ζs∫
ζ∗

√
1 +

“
wm
rs

”2

32
sin2 ζ

cos ζ−cos ζs

sin ζ
dζ (4.5)

The second term under the square root is of importance only for a very

small ζ-range, corresponding to ζr−ζ ≤ 1
32

(
wm
rs

)2
. For the typical parameters
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in the experiments in question [65], w = 6cm,m = 2, rs = 30cm, this results
in ζr − ζ ≤ 5× 10−3. Thus one can neglect this term and we get:

∆||T ≈
qsrs
mκ||b2r

ln
∣∣∣∣ tan ζs

2

tan ζ∗
2

∣∣∣∣
sin ζs

(4.6)

At the perpendicular part of the path, ζ = ζ∗:

qs = −κ⊥
∂T

∂x
(4.7)

This provides the temperature change:

∆⊥T =
qs∆x∗
κ⊥

(4.8)

with ∆x∗ being the length of this part, i.e., the distance between the end
of the parallel path part and the island separatrix:

∆x∗ =
w

2

(√
cos ζ∗ + 1

2
−
√

cos ζ∗ − cos ζs
2

)
(4.9)

By introducing the variables Ω∗ = − cos ζ∗,Ωs = − cos ζs and the param-
eter σ = 2rsκ⊥/

(
wmκ||b

2
r

)
, one obtains for the total temperature variation

along the path:

∆T = ∆||T + ∆⊥T

≈ wqs
2κ⊥

[√
1−Ω∗

2 −
√

Ωs−Ω∗
2 + σ

2
√

1−Ω2
s

ln (1−Ω∗)(1+Ωs)
(1+Ω∗)(1−Ωs)

]
(4.10)

For the optimal path the condition ∂∆T/∂Ω∗ = 0 has to be satisfied. This
can be reduced to the following equation for Ω∗:

1− Ω2
∗√

Ωs − Ω∗
− 1− Ω2

∗√
1− Ω∗

=
√

8σ√
1− Ω2

s

(4.11)

One can easily see that this equation has always a real solution in the range
of interest, −1 ≤ Ω∗ ≤ Ωs. Indeed, the left hand side approaches either to
zero or to infinity when Ω∗ → −1 or Ω∗ → Ωs, respectively. Numerically this
equation can be solved by iterations.

Figure 4.2 shows the Ωs−dependence of the value

Θ = ∆T/
(
wqs
2κ⊥

)
(4.12)

computed for the optimal paths. Since the electron temperature at the
external island separatrix is nearly constant, see Fig.2c in Ref. [65], ∆T (Ωs)
can be identified with the difference between the experimentally measured
temperatures on the resonant surface in the point Ωs and in the X-point,
∆expT (Ωs) ≡ Texp (Ωs) − Texp (1). The latter one can be directly taken from
Fig.4a of Ref.[65].
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Figure 4.2: The dependence of the dimensionless temperature change along
the optimal path, Θ = ∆T/

(
wqr
2κ⊥

)
on the position of the path origin at

the RS, Ωrs = − cosψrs, for different magnitudes of the parameter σ =
2rrsκ⊥/

(
wmκ||b

2
r

)
: σ = 0.02 - solid line, 0.1 - dashed line and 0.2 -dash-

dotted line.

The optimal path starting in the O-point consists of a perpendicular part
only and for this Θ (−1) = 1. Thus, by identifying ∆⊥T (−1) = wqs

2κ⊥
with the

experimental temperature difference between the O- and X-points, ∆expT (−1),
one can determine the magnitude of κ⊥:

κ⊥ ≈
wqs

2∆expT (−1)
(4.13)

For the cases displayed in Fig.4a of Ref.[65] this results in κ⊥ within the
range 2.7−3×1017cm−1s−1. This level is very close to the one determined from
the heat transport analysis of TEXTOR ohmic plasmas by means of predictive
modelling [25]. One can consider such a closeness as an indication that the
presence of islands does not change the perpendicular transport noticeably.

Determination of parallel heat conduction and flux limit factor.- With
κ⊥ known one can deduce the parallel heat conduction by comparing the Θ-
magnitude for certain Ωs with those found in the experiment. This possibility
can be already seen from Fig.4.2 predicting a significant variation of Θ (Ωs)
with the parameter σ ∼ κ⊥/κ||. Fig.4.3 displays the Θ (σ) found for ζs =
π/3. The horizontal lines correspond to the experimental values of Θexp ≡
∆expT (Ωs) /∆expT (−1) deduced from Fig.4a of Ref.[65] for the cases with the
ECRH power of 300 and 400 kW . The vertical lines provide the corresponding
values of the parameter σ. With the parameter σ known the parallel heat
conduction can be estimated as follows:

κ|| =
2rsκ⊥
σwmb2r

(4.14)

Here the relative amplitude of the radial magnetic field perturbation, br, is
assessed from the measured island width w as br = w2ssn/ (16rsR) [45]; this
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Figure 4.3: Calculated σ-dependence of the dimensionless temperature change
Θ along the optimal paths beginning at ψrs = π/3, the horizontal lines shows
the corresponding experimental values Θexp for the ECRH heating power of
300 kW (dashed line) and 400 kW (dash-dotted line). The vertical lines
provide the corresponding experimental magnitudes of the parameter σ

provides values of 5.8 × 10−4 and 4.0 × 10−4 for PECRH = 300 and 400 kW ,
respectively. Finally,

κ|| ≈ 0.2κSH‖ (4.15)

In order to estimate the flux limiting factor ξ, we use the formula intro-
duced in Ref.[10] and interpolating the heat flux expressions in the collision
dominated and collisionless limit cases. This results in the following expression
for κ||:

κ‖ ≈ κSH‖ /

(
1 +

3.16
ξ

λ

LT

)
(4.16)

The e-folding length for the temperature change along field lines, LT , is
determined as L||T/∆||T with

L|| =

ζs∫
ζ∗

B

Br
dr =

w

4
√

2br

ζs∫
ζ∗

dζ√
cos ζ − cos ζs

(4.17)

being the length of the parallel path part and ∆||T is computed according
to 4.6. Finally we asses the heat flux limit factor as

ξ ≈ 3.16
κSH‖ /κ‖ − 1

λ

T

∆||T
L||

(4.18)

For the cases considered above this results in ξ ≈ 0.03, at the lower edge
of the ξ-range, 0.03 ≤ ξ ≤ 0.1, found by interpreting laser fusion experiments
[10]. However in view of the approximativeness of the applied ’optimal path’
method this assessment can be considered as being in reasonable agreement
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with previous considerations and can be considered as the first experimentally
based evidence for the parallel heat flux limit in tokamak plasmas.

4.2 Extension of fitzpatricks model for heated mag-
netic islands

Here the results in the previous section obtained by applying the ’Optimal
path’ method are validated by generalising of the more rigorous theory pro-
posed in [28] (see previous chapter) on the case with plasma heating inside
the island. As in the previous section it is assumed that the heat deposition
layer is a infinitesimally thin toroidal shell centred on the RS. The deposited
heat flows from the RS towards both the plasma core and edge with the heat
flux density qs = PECRH/

(
8π2rsRs

)
. Since the ohmic power deposited in the

plasma core is transported to the plasma edge mainly through regions close
to the X-point of islands [28] it does not change strongly the temperature
perturbation produced by the island heating.

By applying the ECRH the temperature in the island O-point rises quickly
in roughly 10 ms by a maximal 25% and remains nearly constant during the
heating phase lasting up to 700 ms [65]. Thus the temperature profile in the
island can be described by a stationary heat transport equation [28], equation
3.13 above. By including the heat source this equation can be conveniently
written in the form:(

sin ζ ∂
∂y + 4y ∂

∂ζ

)
g
(

sin ζ ∂T̃∂y + 4y ∂T̃∂ζ
)

+

+σ ∂
2T̃
∂y2 = − w2Q

4κ||b2r

(4.19)

where T̃ is the temperature perturbation due to the presence of the is-
land and heating; as in Ref.[28] the island O-point is located at ζ = π;
y = 2 (r − rs) /w is the distance from the RS measured in the island halfwidths;
σ = κ⊥/

(
κ||b

2
r

)
, Q is the heating power density. By taking into account the

heating source localisation at the RS, the temperature perturbation out of the
RS is described by 4.19 with zero right hand side. This is similar to 3.13 in
Ref.[28] where the critical island width wc = w (σ/4)1/4 and radial coordinate
X = 2wy/wc have been used. The heating at the RS defines the boundary
condition for T̃ at y = 0. This can be found by integrating 4.19 over the
infinitesimally thin heating layer or, in a more transparent way, from the heat
flux continuity at the border of this layer, qs = −κ⊥∂T̃ /∂r + qr||. The former
contribution on the right hand side is due to perpendicular heat conduction
and the latter one - the radial component of the heat flux along magnetic field
lines:

qr|| = −
Br

B
κ||∇||T̃ = −κ||b2r sin2 ζ

∂T̃

∂r
(4.20)

As a result one has:
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∂T̃

∂y
(0) = − wqs

2κ||b2r
(
σ + sin2 ζ

) (4.21)

Small island limit.- In this approximation, corresponding to w � wc
or 1 � σ, the temperature perturbation is primarily just a function of y.
This contradicts to the experimental observations [65] clearly exhibiting a
significant ζ- dependence in T . Therefore one can reasonably expect that
this limit is not realised. However, for the completeness of our analysis we
consider it. As in Ref.[28] it is assumed T̃ (y, ς) = T̃0 (y) + T̃1 (y) cos ζ and
the functions T̃0 (y) and T̃1 (y) are governed by Eqs. 3.14. However, their
boundary conditions at the RS are modified. From 4.21 one gets ∂T̃

∂y (0) ≈

− wqs
2κ⊥

(
1− 1

2σ + cos 2ζ
2σ

)
and:

dT̃0

dy
(0) ≈ −wqs

2κ⊥
,
dT̃1

dy
(0) ≈ 0 (4.22)

Thus, in the case in question the function f , controlling the y (X)-dependence
of T̃1, see Eq. 3.16, satisfies the boundary condition df/dy (0) = 0. Numerical
solution of 3.16 from Ref.[28] with this boundary condition gives f (0) = 2.5
instead of f (0) = 0 adopted in Ref.[28].

ECEI diagnostics [65] allows apparent identification of the poloidal cross-
sections of isothermal surfaces in islands. These surfaces are characterised
by the radial and poloidal halfwidths x∗ and ϑ∗, respectively, corresponding
to the phase coordinates y∗ = 2x∗/w and ζ∗ = π + mϑ∗ (ϕ∗ is constant
for poloidal cross-sections of isotherms and is assumed equal to zero). The
radial temperature difference δrT̃ ≈ T̃ (0, π) − T̃ (y∗, π) ≈ −y∗∂T̃0/∂y (0) =
qsx∗/κ⊥. With δrT̃ , qs and x∗ known from the experiment one can compute
the perpendicular heat conduction:

κ⊥ ≈ qsx∗/δT̃r (4.23)

Moreover, on isotherms δrT̃ is equal to T̃ (0, π)−T̃ (0, ζ∗) ≈ −T̃1 (0) (1 + cos ζ∗)
and this results in:

σ =
[
f (0) (1 + cos ζ∗)w

8
√

2x∗

]4

(4.24)

As an example we consider the case of PECRH = 300kW in Ref.[65] and the
isotherm with δrT̃ ≈ 35eV . This is characterised by x∗ = 2.7cm and ϑ∗ = 0.83.
For typical qs ≈ 0.7W/cm2 and w = 6cm, one obtains κ⊥ ≈ 3.4 · 1017cm−1s−1

and σ ≈ 0.08. As it was expected, the latter is in contradiction to the small
island approximation, σ � 1.

Large island limit. - This limit corresponds to σ < 1 and parallel heat
conduction dominating over the perpendicular one and heating. In this case
the temperature perturbation has to be, in the first approximation, constant
on island magnetic surfaces corresponding to a constant Ω = 2y2 + cos ζ.
Indeed, by assuming T̃ = T0y

2 + T1 cos ζ, where T0 and T1 are some constant
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Figure 4.4: Functions θ0 (y) and θ1 (y) calculated for α = 24, σ = 0.5 (solid
curves), α = 20, σ = 0.2 (dashed curves), and α = 17, σ = 0.05 (dash-dotted
curves), characteristic for the ECRH experiments in Ref. [65] with heating
power of 400, 300 and 200 kW , respectively.

factors, and substituting this into 4.19 where κ|| → ∞ and, thus, σ → 0, one
obtains T1 = T0/2 and T̃ = ΩT0/2. By considering the effect of perpendicular
heat conduction and heating as small, we look for the solution of 4.19 in the
form T̃ = ΩT0/2 + T̃2, where T̃2 (y, ζ) ≈ Θ (y) Ψ (ζ). The requirement that T̃
has to satisfy the boundary condition 4.21 at the RS results in

T̃ =
T0

2
Ω +

wqs
2κ||b2r

Θ (y)
σ + sin2 ζ

(4.25)

with the following boundary condition for Θ (y):

dΘ
dy

(0) = −1 (4.26)

The equation, governing Θ, is obtained by substituting T̃ from 4.25 into
4.19 and averaging over the phase angle ζ. This provides:

d

dy

(
γ
dΘ
dy

)
= −2πT0κ⊥

wqs
(4.27)

with:

γ (y) =

1∫
0

(
1− s2

)
ds√

α2y2 + 1− s2 (σ + 1− s2)
(4.28)
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Figure 4.5: σ-dependence of the heat flux limit ξ calculated according to Eq.
4.37 for the condition of ECRH in TEXTOR with different power levels of
400 (solid curve), 300 (dashed curve) and 200 kW (dash-dotted curve). The
vertical lines of the same pattern indicate the σ-ranges determined from the
experimental data of Ref.[65] according to Eq. 4.32; the vertical arrows - the
corresponding ξ-intervals.

where α = 8r/ (mw). According to [28] all T̃ν≥2 subside fast with the
distance from the island and we assume

Θ (1) = 0 (4.29)

as the second boundary condition for Θ. The integration provides:

Θ = θ0 (y) +
2πT0κ⊥
wqs

θ1 (y) (4.30)

with θ0 (y) =
1∫
y

γ(0)
γ(y)dy and θ1 (y) =

1∫
y

ydy
γ(y) shown in Fig. 4.4 for different

combinations of the parameters α and σ characteristic for ECRH of different
power levels in TEXTOR [65].

In order to determine the parameters T0, κ⊥ and σ we calculate according
to 4.25 and 4.30 the differences in the temperature perturbation in four points
on the RS, y = 0: Ωi=1−4 = −0.8,−0.4,0, and 0.4. By equating these to the
experimental values ∆Ωi,Ωj taken from Fig.4 of Ref. [65], one gets:

T0 = −2.5∆−0.4,0.4, (4.31)

σ =
∆−0.8,0 − 9/8∆−0.8,0.4 + 11/16∆−0.4,0.4

4/3∆−0.8,0.4 −∆−0.4,0.4 −∆−0.8,0
(4.32)

and

κ⊥ ≈
0.32θ0 (0)wqs[

(∆−0.8,0 −∆−0.4,0.4) (σ + 1.36 + 0.36/σ) +
+5θ0 (1) ∆−0.4,0.4

] (4.33)
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With the temperature profiles from Ref.[65] one obtains σ in the ranges
0− 0.1, 0.1− 0.3, and 0.5− 1, for the ECRH power of 200, 300 and 400 kW,
respectively. Thus, the applicability condition for the large island approxi-
mation, σ < 1, is fulfilled. The perpendicular heat conduction κ⊥ is within
the range 2.5 − 3.1 × 1017cm−1s−1, i.e., close to the level found in the small
island approximation. By the ’Optimal path method’ one can see, in the case
of the temperature perturbation being exactly constant on magnetic surfaces,
T̃ ∼ Ω, the σ and transport coefficients given by 4.32 and 4.33 are undefined.
Thus, namely the deviation from such a constancy provides a possibility to
determine κ⊥ and κ||.

Heat flux limit factor- As a example we consider the surface with Ω = 0 and
the field line part between the RS and y = 0.5. In such a case an assessement
of ∆||T from 4.25, 4.30 and fig. 4.4 yields

∆||T ≈
θ0 (0)− θ0 (0.5)

σ + 1
wqs

2κ||b2r
≈ 0.37θ0 (0)

σ + 1
wqs
κ||b2r

(4.34)

and for L|| one has from 4.17:

L|| =

rs+0.25w∫
rs

B

Br
dr =

w

2br

0.5∫
0

dy√
1− 4y2

≈ 0.26w/br (4.35)

For collisionless plasmas in question the second term in the brackets in
Eq. 4.16 is much larger than 1. Therefore for the heat flux limit factor ξ we
obtain:

ξ ≈
3.16κ‖
κSH‖

λ

LT
≈ 1.42qsθ0 (0)

(σ + 1)nVthTbr
(4.36)

The relative amplitude of the radial magnetic field perturbation, br, is
estimated from the measured island width w according to the formula [28]:
br = (w/4)2 ŝsN/ (rsRs). At the RS with rs ≈ 30cm the magnetic shear
ŝs ≈ 1, and we obtain ξ with parameters in practical units, see the square
brackets:

ξ ≈ 0.14θ0 (0)
σ + 1

P
[MW ]
ECRH

n[1013cm−3] · T 1.5
[kev] · w

2
[cm]

(4.37)

Figure 4.5 demonstrates the σ- dependences of ξ computed according to
4.37 for different levels of the ECRH power and the temperature profiles on
the RS from Fig.4 of Ref. [65]. The corresponding σ-intervals and resulting
ξ-ranges are shown by vertical lines and arrows, respectively. In spite of the
broad range of the parameter σ, the found ξ-factor varies in a relatively narrow
interval from 0.02 to 0.045. These values are close to those obatined above
by the optimal path method and validate the results obtained in the previous
section. Hence, the heat flux limit obtained by application of both approaches
to experimental observations from TEXTOR, is in good agreement with that
found in laser fusion experiments [10].



Chapter 5

ELMs

Here we investigate transport of heat and particles due to another important
class of MHD instabilities called ELMs, which are localised in the edge region
of tokamak plasmas.

5.1 Phenomenology and mechanisms

High confinement mode (H-mode) operation is still nominated as the reference
inductive operational scenario for ITER [13, 24, 35, 36]. MHD instabilities
called edge localised modes (ELMs) driven by the steep gradients of edge
temperature and density are observed in such H-mode plasmas [15, 16]. They
expel periodically energy and particles from the plasma edge. The important
role of ELMs is to provide stationary H-mode discharges (ELM-y H-mode),
and help to control the inventory of the plasma [30, 51].

Profiles of an edge transport barrier (ETB) in H-modes of the density
and/or temperature, and hence the plasma pressure, indicate steep gradient
in the plasma region at around normalised radius of r/a ∼ 0.9 − 1.0 (so
called pedestal), while no pedestal structure is seen at low confinement mode
(L-mode). Various theory-based transport models, show an increase in QDT
with Tped. According to such estimates, ITER will need a very high pedestal
temperature of Tped ∼ 3 − 5Kev to obtain QDT ≥ 10 at the plasma current
Ip = 15MA and the auxiliary heating power Paux = 40MW with electron
density normalised by Greenwald density ne/nGW = 0.85.

Once the pedestal pressure or its gradient reaches its own limit by MHD
instability, ELM crash occurs, ejecting plasma energy and particles towards
the scrape-off layer (SOL) region, and recovers rapidly through a transport
process. ELMs affect only the plasma peripheral region (r/a ≥ 0.7 − 0.8,
roughly), and the core confinement remains undamaged. Periodic ELM crash
has a potential for controlling plasma density and impurity accumulation in the
plasma core, allowing a quasi-stationary operation, though induced energy and
particles could potentially limit the divertor and, possibly, first-wall lifetime.
Temporal analysis from different locations in many tokamaks give insight into
transport physics of ELMs [52]. ELMs form in the LFS (low field side) with
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a typical ELM duration τELM ∼ 100− 200µs, which has a finite poloidal and
radial extent. Then the ELM plasma moves near the last closed flux surface
(LCFS) as a perpendicular transport across the SOL, and it also propagates
parallel to the magnetic field lines with the ion transport time from pedestal
to divertor τELM = Lc/cs, depending on the pedestal parameters. Finally, it
spreads radially as it moves towards the divertor/first-wall.

From the variety of edge localised modes occurring in toroidal fusion plasma,
three distinct types can be classified [30].

Figure 5.1: ELMs experimental observations (left) [30] - as the NBI power is
increased the Dalpha emission in the divertor shows a transition from Type
III ELMs, ELM free phase to Type I ELMs. ELMs pedestal (right) [67]
schematic view of the events at the pedestal - with increasing input power
a transition take place from L-mode to ELM-y H-mode, where relaxation of
pedestal pressure gradient takes place through pulsed ejection of heat and
particles

Dithering cycles- Due to bifurcated character of the H-mode, at Psep ≈
PLHthr , repetitive L-H-L transitions can occur. Dithering cycles show no mag-
netic precursor oscillation; the level of turbulence during the temporary L-
phase does not significantly exceed that of the L-phase at Psep 6 PLHthr .

Type III ELMs- The ELM repetition frequency decreases with the energy
flux through the separatrix in excess of Pthr i.e. dνELM/dPsep < 0. A coher-
ent magnetic precursor oscillation with toroidal mode number n ≈ 5− 10 and
poloidal mode number m ≈ 10 − 15 is observed on magnetic probes located
close to the plasma. During the ELM, there is a high level of magnetic fluctua-
tions. Type III ELMs are stabilised at high edge temperatures, indicating that
they are connected with resistive MHD instabilities. Candidates for the type
III ELM mechanism include resistive ballooning modes, coupled to a global
instability such as the free boundary mode (peeling mode).

Type I ELMs- The ELM repetition frequency νELM increases with the en-
ergy flux through the separatrix, i.e. dνELM/dPsep > 0. There are indications
that type I precursor activity has even higher mode numbers than type III
precursors. The power dependence and results from magnetic stability anal-
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ysis indicate that type I ELMs are linked to ideal MHD instabilities. Type I
ELMs may be stabilised by opening access of the plasma edge to the second
stability ballooning region. However, the ideal ballooning criterion seems to
be a necessary but not sufficient condition for a type I ELM. A plausible can-
didate for Type I ELMs is therefore a combination of ideal ballooning modes
coupled to global ideal MHD instability such as an ideal kink (peeling).

The power release between ELMs comes dominantly from the low field
side, and most of it is deposited on the outboard divertor. ELM energy is also
released preferentially near the outer midplane consistent with the peeling-
ballooning mode characteristics. The SOL transport during ELMs exhibits
several interesting features as well. An asymmetry is observed in the energy
deposition into the inner divertor compared with the outer divertor, with a
higher fraction deposited on the inner target. The duration of the ELM power
pulse seems to be independent of the ELM MHD duration, τELMMHD, and thus the
transport of energy along the field plays an important role on the ELM energy
losses, this forms another basis for extrapolation of the ELM energy loss to
ITER. The charactersitic timescale τELMIR , defined as the duration of power
increase from 10% above the initial value to 100% of the maximum measured
value, shows good correlation with τELM‖ , suggesting a convective transport
along open field lines towards the divertor target. Based on expected pedestal
parameters for ITER, one could estimate for ITER τELMIR ∼ 400 ± 150µs.
Only a fraction of the target load energy arrives during τELMIR , while the rest
arrives in the tail after the maximum heat flux. Also, it is observed that about
50−80% of the ELM energy arrives at the divertor target, which means a part
of the ELM energy reaches the main chamber wall, which may have strong
implication for ITER such as the choice of the first-wall materials.

Observations on diverse tokamak devices demonstrate that the losses of
plasma energy provoked by type I Edge Localised Modes ∆Welm/Wped shows
good correlation with collisionality, increasing significantly with decreasing
plasma collisionality ν∗ [41]. The physics basis for this approach may come
from the peeling-ballooning model for the ELM and the influence of collisional-
ity on the edge bootstrap current and change in the associated MHD unstable
mode structure. In ITER, ν∗ ∼ 0.06, unacceptably large ELM energy loss of
around 20% of pedestal stored energy is expected, which is significantly larger
than ITER maximum tolerable ELM size of around ∆Welm/Wped ∼ 5− 10%.
However, there is also a large variation in ∆Welm/Wped even at fixed collision-
ality, which may be due to the nonlinear nature of ELM instability and its evo-
lution, and hence such an extrapolation remains uncertain. Experiments with
fixed collisionality at JT-60U, show variations of ∆Welm/Wped with counter-
NBI and plasma volume. Namely, ∆Welm/Wped decreases when scanning the
direction of the momentum injection from co-, balanced to counter directions
and when increasing the volume of the plasma.

At low collisionality the relative drop in the thermal energy clearly exceeds
the corresponding level for particles and such ELMs are called ”conductive”.
With increasing collisionality the energy drop decreases immensely and on
approaching the H-mode density limit it becomes comparable or even lower
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than the relative particle loss and such ELMs are referred to as ”convective ”.
On the one hand, an understanding of mechanisms for ELMs and firm

predictions for the absolute level of particle and energy losses, caused by them,
are important for the future ITER, considering the large transient heat loads
to material surfaces and constraints placed on the edge pedestal height due
to ELMs. On the other hand, active ELM control techniques are also being
developed, such as pellet triggered ELM pace making on ASDEX Upgrade
[43], edge ergodization with external coils on DIII-D [55, 57] and JET, vertical
motion on TCV [42] and dynamic ergodic divertor on TEXTOR [56, 48], whose
feasibility for ITER ELM control are currently studied [74].

In this section we have seen various experimentally observed characteristics
of ELMs, which give us some insight to the possible physics behind their trigger
and transport mechanisms, dependence on various parameters, and their effect
on the tokamak. We now proceed to give an overview of various models that
have been proposed to explain the ELM phenomenology.

5.2 Theories

The pedestal region of H-mode tokamak plasmas is characterised by a sharp
pressure gradient and consequent large boot strap current. The peeling-
ballooning model posits that the free energy in the large pressure gradient
and current drives coupled peeling-ballooning modes that constrain the max-
imum pressure at the top of the pedestal region and trigger ELMs. Peeling-
ballooning theory was first developed in the local high toroidal mode number
(n) limit [32], and later extended to incorporate intermediate-n and nonlocal-
ity [39]. While the high-n ideal ballooning limit does correspond well to the
observed type I ELM threshold in some regimes, experiments with high edge
spatial resolution do show that the observed pressure gradients do not scale
as expected from ideal ballooning theory [34].

The sharp pressure gradients in H-mode pedestal can drive strong boot-
strap currents which play complex dual role in the stability picture. On the
one hand, edge current provides a source of free energy which drives external
kink or peeling modes in the edge. On the other hand, edge currents reduces
the magnetic shear s in the pedestal, which stabilises high-n ballooning modes,
and increases the MHD pressure gradient threshold.

The stability limits imposed by coupled peeling-ballooning modes can be
envisioned schematically 5.2. At lease three types of MHD driven ELM cy-
cle can be imagined for this type of stability boundary. In each case, power
flowing from the core causes the pedestal gradient to rise between ELMs on
a transport time scale, with current (mostly bootstrap) generally rising more
slowly towards its steady state value. In figure 5.2 The cycle (iii) will occur
at low density and low input power, such that the current rises to exceed the
peeling limit well before the pressure gradient reaches the ballooning limit.
These ELMs are expected to be small, both because the peeling mode trigger-
ing them have narrow mode structures, and because they occur at low pedestal
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Figure 5.2: ELMs cycle (left) [59] - (i), (ii), (iii) represent coupled peeling-
ballooning (Type I), ballooning (Type II) and peeling cycles (Type III), re-
spectively. Type I ELM (right) [53]

height. The ELM frequency is expected to decrease with input power, because
the pressure gradient will rise more quickly,stabilising the peeling mode. Hence
this cycle provides a model for the low density variety of type III ELMs (high
density type III ELMs are likely driven by resistive modes). At higher power
and low density, cycle (i) will occur, generating large ELMs both because the
relatively low-n peeling-ballooning modes have a broad radial structure, and
because the initial pedestal pressure collapse will leave the pedestal in the
unstable domain until the current relaxes to a much lower value. This cycle’s
frequency will increase with input power, and it provides a model for large type
I ELMs. Finally, at larger power, where the total steady state current at the
pressure limit does not exceed the peeling limit (Jtot < Jpeel), cycle (ii) occurs.
This can occur either at high density, where high collisionality leads to a low
Jbs, or it can occur at somewhat lower density when the peeling limit is high
due to strong shaping or large magnetic shear. This cycle is expected to yield
relatively small ELMs because both the high-n ballooning modes which are
most unstable at low current, and the intermediate-n modes most unstable for
high-q high-δ type-II ELM cases, tend to have narrow mode structures, and
because the pressure loss immediately following the ELM crash returns the
pedestal to a stable region of parameter space. In the above stability studies
the density and temperature profile shapes, and therefore the pedestal width,
have been held fixed.

Several 2D MHD codes have been developed to study these nonlocal, finite-
n peeling, ballooning and coupled peeling-ballooning modes [40]. A finite
growth growth rate threshold is typically used to account for diamagnetic
stabilisation. For typical H-mode edge parameters, the limiting instability
is usually an intermediate n(n ∼ 3 − 30) coupled peeling-ballooning mode,
though pure ballooning modes can be limiting at high collisionality, and pure
kink/peeling modes at low collisionality. Such linear models are useful for un-
derstanding ELM onset conditions and pedestal constraints. Nonlinear simu-
lations have also been made to understand ELMs associated particle and heat
losses. One such simulation shows [50] that the onset conditions for ELMs
are found to be similar to those calculated with linear MHD codes. A two-
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pronged model for energy and particle losses is proposed (1) Conduits: the
filaments remain connected at the top and bottom to the hot core plasma,
fast local diffusion and secondary instabilities along the outer portion of the
filament allow fast parallel losses of heat and particles (2) Barrier collapse:
the growth and propagation of the mode collapses the flow shear in the edge
region and weakens or destroys the ETB, resulting in a temporary return of
L-mode transport until the barrier recovers.

While a clearer picture of the physics behind ELMs is emerging, efforts are
made to understand the physics of ELM-free regimes in the low-collisionality
regime like QH-mode and ELMs suppression via RMP. A proposed model [70]
posits that in the QH mode the EHO, a typically n ∼ 1 − 5 mode observed
in most QH plasmas, is a saturated kink/peeling mode, which is destabilised
by edge current and rotation. As its eigenmode grows to large amplitude,
it creates significant magnetic perturbations which allow particle and current
transport across the field. In addition, the large amplitude mode applies drag
on rotation, allowing the nonlinear mode to damp its drive and saturate at
finite amplitude, thus not growing explosively like an ELM. This allows steady
state in all important transport channels and leads to a steady quiescent edge.
The RMP play a similar role to the EHO, driving substantial transport, keep-
ing the edge parameters below the peeling-ballooning stability boundary, and
allowing an approximately steady state edge.

The interest in modelling ELMs phenomenology is evident from the nu-
merous efforts made in investigating aspects of MHD instability [40, 70], and
integrated modelling combining transport [47, 54, 71, 72, 73, 76, 77]. A model
introduced recently [63], providing predictions for these losses, has been mod-
ified as part of this thesis. It is based on a well established idea that type
I ELMs are generated by ballooning-peeling ideal MHD modes, developing
when the pressure gradient in the edge transport barrier (ETB) surmounts
the critical level [31, 39]. These modes produce a radial component of the
magnetic field and, therefore, perturbed field lines lean in the radial direction.
The radial inhomogeneity of the plasma parameters in the ETB results in flows
along such field lines increasing the particle and energy transport during type
I ELMs. It has been put forward in Ref.[63] that the electron heat conduction
along perturbed field lines can be of eminent importance for the energy loss
by ELMs and explain the decrease of these losses with increasing collisionality,
in qualitative agreement with observations. However, a relatively high, of 0.2,
heat flux limit factor, giving the ratio of the parallel heat conduction flux in a
collisionless plasma to that transferred by free streaming electrons, has been
adopted in Ref.[63]. This exceeds noticeably a level of 0.03 elucidated very
recently [68] from magnetic island heating experiments [65] (see previous chap-
ter), which is in agreement with the results of previous investigations, Refs.
[10, 14, 21]. Thus, the energy loss by ELMs with electron heat conduction was
noticeably overestimated in Ref. [63] and is, actually, inadequate to explain
the experimental data.

Recent observations on ELMs exhibit that ion convection physics is likely
to play an important or even dominant role in ELM energy transport [67].
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In the following section, the model for convective heat losses during the ELM
associated with the escape from the plasma of ions of diverse velocities and
energies, including suprathermal particles, developed during this thesis work
is presented. These losses exceed significantly those due to electron heat con-
duction being assessed with more realistic heat flux limit factor. The colli-
sionality dependence of the total energy loss per ELM and of the width of the
edge region where these losses are localised is in qualitative and quantitative
agreement with experimental findings [41]. Moreover, the maximum loss in-
tensity is located at the barrier top and the averaged energy of escaping ions
is close to the top temperature, as it is observed in experiments [41].

5.3 Model for ion convective heat loss during ELM
crash

The contribution of thermal particles, those with the temperature at the sepa-
ratrix, to the convective heat losses by ELMs was accounted for in the previous
model [63]. However, observations show that the energy of particles expelled
from the plasma during ELMs is probably significantly higher and is of the
temperature at the ETB top [67]. Thus, the energy of suprathermal parti-
cles escaping along field lines perturbed by MHD modes from deeper plasma
regions may also contribute substantially to the energy loss. Similar to the
electron heat conduction this loss channel is expected to be decreasing with
increasing plasma collisionality, in accord with experimental observations.

We consider ions, which start to move at time t = 0, when the magnetic
field lines are inclined by MHD-perturbations, from different initial radial
positions r inside the separatrix, 0 ≤ r ≤ a, with diverse initial values ε
and U of the perpendicular energy ε and parallel velocity V , respectively. The
variation of the particle radial position x in time is governed by the kinematic
equation:

dx

dt
= αV (5.1)

Here α is the characteristic inclination angle of perturbed field lines in
the radial direction. The typical level of α achieved on the stage of linear
MHD instability has been roughly estimated in Ref. [63] and is of the order
of 3− 5× 10−4. In this section α is assumed to be constant in space and time,
during the ELM duration time τELM . In the next section, the computations
will be generalised on the case of α(t), calculated by considering the time
variation of magnetic field radial component and density at ETB top.

The variation of the parallel velocity V and perpendicular energy ε in time
is governed by the momentum and energy balance equations where coulomb
collisions with thermal background particles are taken into account [5]:

dV

dt
=

e

mi
E − 2µ

τ1
V (5.2)
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and
dε

dt
=

2
τ1

[(
µ+ µ

′
) miV

2

2
−
(
µ− µ′

)
ε

]
(5.3)

where e is the electric charge of the plasma ions of a hydrogen isotope with
the mass mi, µ and τ1 are the Maxwell integral and relaxation time (Appendix
C), respectively, see Ref. [5], computed with the local plasma parameters. The
parallel electric field E is estimated from the force balance for electrons along
the field lines, between the electric field force and pressure gradient:

0 = −enE − αd(nT )
dx

(5.4)

The profiles of the plasma density n and temperature T at the edge are
assumed piecewise linear ones with sharp gradients in the ETB: core plasma,
x ≤ a−∆b,

n = nb,

T = Tc − (Tc − Tb)
x

a−∆b
;

edge transport barrier, x ≥ a−∆b,

n = ns + (nb − ns)
a− x
∆b

,

T = Ts + (Tb − Ts)
a− x
∆b

,

where the subscripts s, b and c indicate the parameter values at the sep-
aratrix, the barrier top and in the plasma core, and ∆b is the barrier width.
Equations 5.1, 5.2 and 5.3 are integrated numerically with the initial condi-
tions x (t = 0) = r, V (t = 0) = U and ε (t = 0) = ε till either the travelling
time t exceeds the ELM characteristic duration time τELM or the particle es-
capes through the separatrix, i.e., x = a for t = ta < τELM . In the latter case
the energy of the escaping particles is added to the total energy loss:

∆W conv
ELM = Ssep

a∫
0

dr

Umax∫
−Umax

dU

εmax∫
−εmax

d
2ε
mi

1√
π

n (r)
V 3
T (r)

(5.5)

× exp
[
− U2

V 2
T (r)

− ε

T (r)

](
miV

2
a

2
+ εa

)
where Ssep = 4π2κaR is the separatrix area with R and κ being the plasma

major radius and the separatrix elongation, respectively, VT =
√

2T/mi is ion
thermal velocity, Va and εa are the parallel velocity and perpendicular energy
of the particle attained at the separatrix; a Maxwellian distribution over the
initial parameters U and ε is assumed. Typically Umax = 6V b

T and εmax = 11Tb
are adopted, these values have been obtained as a result of several calculations
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which indicate that the energy loss does not change on further increase in the
considered range of these parameters.

It is worth indicating that the computational effort required for the cal-
culation of ∆Wconv with a given accuracy was minimised eminently by use
of some numerical techniques, which permitted to operate with larger steps
of t, U, ε and r. In particular, the parametric dependence of the integrand in
5.5 has been interpolated by a cubic spline determined by its values for four
consecutive parameter values.

Pedestal energy loss. - The relative loss per ELM of the pedestal energy,
defined as the thermal energy in the whole plasma volume calculated at the
pedestal density nb and temperature Tb, Wped = Ssepa/2 × 3nbTb, was intro-
duced in Ref.[41] as a figure of merit:

∆WELM

Wped
=

∆W conv
ELM

Wped
+

∆W cond
ELM

Wped
(5.6)

According to Ref.[63] the latter contribution from the electron heat con-
duction can be asserted as

∆W cond
ELM

Wped
≈ 0.23

1 + κ

κ

τELM
√

2Tb/me

a
(
ν∗

ν0
+ 1

ξFS

) α (5.7)

where ν∗ ≡ qR (R/a)3/2 /λb is the collisionality parameter, wherein λb is
the mean free path length determined for the plasma parameters at the barrier
top, ν0 = (1.9αqR/∆b)(R/a)3/2, q is the typical safety factor at the edge, and
ξFS the heat flux limit factor.

One can see that in collisionless plasmas with ν∗/ν0 � 1/ξFS the con-
ductive contribution to the energy loss scales proportionally to ξFS . With
ξFS ≈ 0.2 used in Ref. [63], this contribution alone has been enough to ex-
plain well the experimentally found magnitude and collisionality dependence
of ∆Welm/Wped. However recent studies [68] on interpretation of the mag-
netic island heating experiments [65] have provided a ξFS-value a factor of
5-10 lower (see previous chapter). This means that the maximum level of
the conductive loss contribution has to be reduced by this factor and should
be significantly lower than it was predicted in Ref. [63]. The quantitative
assessment in the next section shows that the convective contribution consid-
ered here is normally much larger and most probably is responsible for the
experimentally measured level of losses.

Results. - Parameters characteristic for the ELMy H-mode discharges in
JET have been assumed in calculations [41, 69]: R = 3m, a = 0.9m, κ =
1.6, q = 4, ∆b = 0.05m, nb/ns = 2, and Zeff = 2. By taking into account
that the time averaged plasma parameters at the barrier top have to satisfy
the threshold condition for ballooning-peeling MHD modes [31, 39]

nbTb
∆b
≈ B2αcr

16πRq2
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Figure 5.3: Collisionality dependence of energy loss during ELMs - as seen
from the model (left) and in good agreement with experiments (right) [41].
∆WELM/Wped decreases with ν∗, and the major contribution comes from
∆Wconv/Wped, while the ∆Wcond/Wped contribution remains small

where αcr ≈ 4− 5, it can be shown, see, e.g., Ref.[63], that they scale with
the collisionality parameter ν∗ at the ETB top as follows:

nb = nb0(ν∗/ν∗0)1/3, Tb = Tb0(ν∗0/ν
∗)1/3 (5.8)

where nb0, Tb0 and ν∗0 are the reference parameters taken henceforth equal
to 3× 1019 m−3, 2 keV and 0.06, respectively[69]. According to experimental
observations [41] the characteristic ELM duration time τELM ≈ 200µs and is
nearly independent of ν∗.

Figure 5.4: Energy loss contribution from different radial locations wconvELM =
|dW conv

ELM/dr| (left) as obtained from the model - wconvELM peaks at the ETB top
and is clustered around the barrier region, the size of the loss region decreases
with ν∗. Temperature drop in the ETB as observed in experiments [41].

Figure 5.3 shows the calculated collisionality dependences of the net energy
loss per ELM, ∆WELM , the convective and conductive contributions to it,
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∆W conv
ELM and ∆W cond

ELM , respectively, normalised to the pedestal energy content
Wped, computed with α = 5× 10−4. It illustrates the decline of ∆WELM with
increasing ν∗ as observed in experiments [41]. Also in agreement with recent
experimental observations [67] the share to the energy loss is dominated by ion
convection ∆W conv

ELM rather than by conductive heat loss ∆W cond
ELM in a broad

range of ν∗ (an effect reversing only minutely for ν∗ > 1). The conductive heat
loss is significantly curtailed compared to that found in Ref.[63] because the
heat flux limit was reduced from 0.2 to 0.03 according to recent findings [68]
(previous chapter). The decline of ∆WELM/Wped with increasing ν∗ is due to
collisions of hot ions with thermal ones: (i) the friction force reduces V and
less ions have enough time to escape the plasma during the ELM burst and
(ii) ion kinetic energy is dissipated more strongly in the background plasma.

Figure 5.4 illustrates the radial profile of the density of kinetic energy loss,
wconvELM = |dW conv

ELM/dr|,normalised to the pedestal energy content. This value
has its maximum at the ETB top in agreement with observations on the post
ELM temperature drop [41]. The region where the losses are localised becomes
narrower with increasing collisionality as it is also observed experimentally [41].
On the one hand, steep gradients of density and temperature imply a powerful
electric force in the ETB driving ions out of the plasma compared with such
a force deeper inside the plasma where the parameter profiles are relatively
flat. Therefore, particles from deeper plasma region need much more time
to reach the separatrix and the convective loss contribution declines fast for
r < a − ∆b. On the other hand, near the separatrix in the ETB the initial
energy and number of ejaculated particles decrease since T and n drop, and
the same happens with the loss contribution.

The MHD perturbation level characterised by the inclination angle α can
be only roughly estimated from the model of Ref.[63]. Therefore α has been
varied in order to examine the sensitivity of the results to it. Figure 5.5 shows
the variation with α in the collisionality dependence of the relative ELM energy
loss ∆WELM/Wped. It grows slightly stronger than linearly with increasing α,
however exhibiting a similar decline with increasing ν∗. Increasing α means
a stronger bend of the field lines in the radial direction, and implies a two
fold cause for the increase in the radial transport of ions. First, a higher frac-
tion of the radial pressure gradient in the parallel direction provides a higher
parallel electric field driving ions along field lines and increasing their energy.
Second, the transport along field line determines the radial motion and time
needed for a particle to escape the plasma. As a consequence, the ion convec-
tion loss from both ETB region and deeper plasma regions, is enhanced with
increasing α. Figure 5.5 shows the collisionality dependence of the average en-
ergy per escaping ion measured in the ion thermal energy at the barrier top,
Eav/ (1.5Tb), for different values of the field line inclination angle α. For all
conditions this characteristic appears to lie within a relatively narrow range
0.8 < Eav/ (1.5Tb) < 1.6. For the chosen parameters, this ratio surging and
sinking with increase in α and ν∗ respectively, implying a greater fraction
of suprathermal particles escaping for higher α and lower ν∗. As explained
before with increasing ν∗, ions deeper inside the plasma have lower escape
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probability, and apparently these ions have higher average energy in contrast
to those present in the proximity of the separatrix, owing to the radial temper-
ature profile. Also, an increase in α suggests, as mentioned above, substantial
ion convection from deeper plasma regions, where ions are of higher average
energy.

Figure 5.5: (Left) Energy loss ∆WELM/Wped for different levels of perturba-
tion α - ∆WELM/Wped increases with α. (Right) Average energy Eav/ (1.5Tb)
of ions released during ELMs also increases with α and decreases with ν∗

Conclusion - Important experimental findings on energy loss during type I
ELM bursts have been reproduced in present calculations: (i) the ELM energy
loss decreases with increasing collisionality ν∗; (ii) ion convection appears as
dominant mechanism for energy loss, (iii) the maximum in contribution to the
loss from different radial positions is localised at the ETB top as it is observed
for the temperature change after an ELM, (iv) the width of the edge plasma
region involved in the ELM energy loss exceeds the ETB barrier by a factor of
2-4 and decreases with increasing ν∗. The results are sensitive enough to the
level of the magnetic field perturbation caused by the ballooning-peeling MHD
instability and characterised by the inclination angle α. Therefore precise
determination of α is very essential for firm ELM loss predictions.

5.4 Model of the time variation of the field line in-
clination

In the above investigation the field line perturbation αelm has been taken
constant in space and time, and the n, T profiles are assumed constant during
the ELM duration τELM . In this section we go a step further considering time
evolution of αelm and n profile. A simple way to write the time evolution
of αelm, is to consider growth due to the concerned instabilities, the decay
due to various dissipation mechanisms as approximated to be linear in time,
activating when there is net outward particle flux in the ETB:
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dα

dt
= α

[
γ − Θ (−η)

tELM

]
(5.9)

where η = δnb
nb

and δnb is the excess of nb over this value at instability
threshold, nb is a function of collisionality. In this model instability growth
rate for ballooning modes is considered responsible for the growth in time of
the field line inclination angle:

γ ≈ 1
Rq

√
B2αcr

4πminb

δnb
nb

(5.10)

The change in pedestal density characterises the variation of the pedestal
pressure gradient, the driving force for ballooning modes. The growth rate
can be written in a different form with new variables:

γ ≈ VA
Rq

√
ηΘ (η) VA =

√
B2αcr

4πminb
, τ =

VA
Rq

t (5.11)

with Heaviside function Θ (η < 0) = 0,Θ (η ≥ 0) = 1. A model for assess-
ment of γ is given in Appendix C.

Since γ depends on the density at the barrier top it is necessary to estimate
its evolution in time. Particle balance in the barrier can be written as:

∆b

2
dδnb
dt

= Γi −
(csα)2 nb

csα
√

nb
ns

+ γ∆b
2

(5.12)

where the term on the left hand side represents the time evolution of the
density at the barrier top. On the right hand side Γi is the fraction of the
neutral influx ionised in the barrier and represents the source of particles. The
second term has been take from [63], where the expression has been derived
from consideration of momentum balance along field lines, and represents the
outward flux of particles during the ELM event. A more refined expression
for this particle loss, including also perpendicular drift, is given in Appendix
C. In dimensionless variables

dη

dτ
=

2qRcs
∆bVA

Γi
nbcs

−
(

2qRcs
∆bVA

)2 α2√
nb
ns

2Rqcs
∆bVA

α+
√
ηΘ (η)

(5.13)

dη

dτ
= ξ

[
σ − ξα2

δξα+
√
ηΘ (η)

]
(5.14)

with

ξ =
2qRcs
∆bVA

=
2qR
∆b

√
8πnbTb
B2αcr

=
2qR
∆b

√
βb
αcr

, βb =
2nbTb
B2/4π

σ =
Γi
nbcs

, δ =
√
nb
ns
, cs =

√
2Tb
mi
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Density exceeds the ballooning threshold and MHD mode develops if

0 <
dη

dτ
(0) =⇒ α (0) < σδ

Time variation of the inclination angle with τELM = VAtELM/Rq can be
written as:

dα

dτ
= α

[√
ηΘ (η)− Θ (−η)

τELM

]
(5.15)

but

dα

dτ
= 0

if α drops down to α (0)

Figure 5.6: Time variation of α (left) and ∆WELM/Wped (right) for α0 =
5 × 10−8 (dashed lines) and α0 = 5 × 10−6 (solid lines). α grows faster for
smaller α0 and appears to have a higher magnitude during the ELM. The
energy loss ∆WELM/Wped, follows similar time evolution as α, energy loss is
higher for smaller α0

Equations 5.15 and 5.14 are integrated numerically for a characteristic time
10×τelm. Such a characteristic time greater than the ELM time is chosen so as
to get insight in a ELM cycle with its growing, decaying and quiescent phase
and to estimate the resulting transport.

In contrast to the previous section where α was considered constant in
time, we see that some new physics can be distinguished with this model.
Figure 5.6 shows the time evolution of α vs t/τelm. We see that for smaller
value of α0, that is its value before the onset of an ELM, the perturbation
grows quicker and has higher peak than in the case for higher α0. This can
be explained looking at the coupling between equations 5.15 and 5.14. In the
case where α0 has lower value, the particle influx greatly exceeds the particle
outflux which is proportional to α, and thus the density at the edge increases
very rapidly. The rate of change of α in time is proportional to density and as a
result also grows quickly. Although in this case α does reach a level whereon it
increases the particle outflux and hence relaxes the density, it already achieves
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a much higher peak than the case beginning with higher α0. Its average over
time is also greater as can be seen more explictly from fig. 5.7, which shows
the variation of αavg for cases beginning with different α0. Fig. 5.7 shows the
collsionality dependence of energy loss during ELMs for cases beginning with
different α0. As expected from the behaviour of αavg with ν∗, the energy loss
is also higher for lower α0.

The interesting result obtained above can actually explain certain impor-
tant physics of the ELM phenomenology. First of all, the effective time during
which most of the losses during ELMs takes place, would correspond to the
time where α lies above a certain threshold level and as seen from figure 5.6
this corresponds roughly to τelm. Secondly, α0 at the onset of ELM, deter-
mines to a great extent the αavg and ∆Welm/Wped, which appear to be higher
for lower α0. This can explain the mitigation of ELMs by resonant magnetic
field perturbations where the magnetic field lines are perturbed by means of
an external source to a level above their normal values. The increased inter-
mittent transport due to higher α0 hinders the growth of α and consequently
αavg and ∆Welm/Wped are reduced.

Figure 5.7: Variation of αavg (left) and ∆WELM/Wped (right) with ν∗, for
different values of α0, α0 = 5 × 10−8 (dotted lines), α0 = 5 × 10−6 (dashed
lines) and α0 = 5× 10−4 (solid lines). Both αavg and ∆WELM/Wped decrease
with ν∗, and with increasing α0

5.5 0-D model for time evolution of all ETB param-
eters during elms

In this section we propose a model for time evolution of both n and T pro-
files during an ELM. This model is yet to be tested and provides scope for
continuation of this work.

Particle balance equation, which can give us the time evolution of density
at the barrier top, can be written as:

∂n

∂t
+5⊥Γ⊥ +5‖Γ‖ = kinn0 (5.16)
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where moving left to right the various terms represent the time evolution
of density at a given point in space, the gradient of the particle flux perpendic-
ular to field lines, gradient of particle flux along field lines and particle source
due to ionisation of neutral influx, n0 is neutral density and ki is the ionisa-
tion rate. Particles are lost due to both perpendicular and parallel transport
mechanisms.

Parallel momentum equation, can give us the time evolution of parallel
particle flux at the separatrix, and can be written as:

∂Γ||
∂t

+5‖

(
Γ2
‖

n
+

2T
mi

n

)
= 0 (5.17)

where the first two terms represent the convective derivative of the parallel
momentum and the last term is the pressure gradient along field lines. The
pressure gradient drives particle along field lines and the inclination of the
field lines in the radial direction results in the parallel particle flux.

Heat balance equation, can give us the time evolution of temperature at
the barrier top, and can be written as:

∂

∂t
(3nT ) +5⊥q⊥ +5‖q‖ = −kinn0Ei (5.18)

where moving left to right the various terms represent time evolution of the
energy density, perpendicular gradient of the heat flux, the parallel gradient of
the heat flux and energy spent in the ionisation of neutrals. Ei is energy lost by
ionisation of a neutral. The perpendicular particle flux and the perpendicular
heat flux can be written as

Γ⊥ = −D⊥∇⊥n q⊥ = 3Γ⊥T − κ⊥∇⊥T

D⊥, κ⊥ are transport coefficients between ELMs, presumably neoclassical
ones. The perpendicular particle flux has been considered to be mainly a
consequence of diffusion, and the perpendicular heat flux has both a conductive
component and convection of thermal particles. The parallel heat flux q‖ has
been estimated in the previous sections, and has contributions from conduction
due to electrons and convection of ions.

Presuming that the plasma parameters are uniform over unperturbed mag-
netic surfaces, which should be valid close to equilibrium condition, and aver-
aging equation 5.16, 5.17 and 5.18 over unperturbed magnetic surfaces, that
is in the ϑ, ϕ plane, one obtains 1-D transport equations:

∂n

∂t
+

∂

∂r

(
−D⊥

∂n

∂r

)
+
∂αΓ‖
∂r

= kinn0

∂

∂t
Γ|| + α

∂

∂r

(
Γ2
‖

n
+

2T
mi

n

)
= 0 (5.19)

∂

∂t
(3nT ) +

∂

∂r

[
−3D⊥

∂n

∂r
T − κ⊥

∂T

∂r
+ q‖

]
= −kinn0Ei
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These equations are integrated over the width of the edge region, barrier
(a−∆b ≤ r ≤ a) and deeper region involved in the ELM (a−∆b −∆e ≤ r ≤ a−∆b)
with the assumed piecewise shape of radial profiles.

η(ς) = ηs + (1− ηs) min(1, ς) + (ηe − 1) max(0, ς − 1)
∆b

∆e
; ηs,e =

ns,e
nb

θ (ς) = θs + (1− θs) min (1, ς) + (θe − 1) max (0, ς − 1)
∆b

∆e
; θs,e =

Ts,e
Tb

x = a− r; ς = x/∆b;Ssep = 4π2κaR

In these profiles the subscripts s, b, e indicate respectively the separatrix,
barrier top and the inner boundary of the plasma region contributing to the
particle and energy loss. The values at separatrix are assumed to be constant
and the value at the barrier is allowed to vary in time. Hence integrating the
equations 5.19 over the edge transport barrier with the boundary conditions
at r = a−∆b −∆e:

∂n

∂r
= 0

−3D⊥
∂n

∂r
T − κ⊥

∂T

∂r
= qcore

one gets 0-D equations for the density and temperature at the barrier top
(r = a−∆b), nb (t) and Tb (t), and the parallel particle flux at the separatrix
(r = a) , Γs|| (t) ,:

∆b + ∆e

2
dnb
dt

= j0 −D⊥
nb − ns

∆b
− αΓs||

∆b

2
d

dt
Γs|| = α

2
Tene − Tsns

mi
−

(
Γs||
)2

ns

 (5.20)

[
∆bns + ∆ene

2
+ (∆b + ∆e)nb

]
dTb
dt

+

+
[

∆bTs + ∆eTe
2

+ (∆b + ∆e)Tb

]
dnb
dt

= qcore − j0Ei − 3D⊥
nb − ns

∆b
Ts − κ⊥

Tb − Ts
∆b

− qsr

where j0 is the influx of neutrals through separatrix, qsr the energy out-
flow due to magnetic field perturbations has been found out in the previous
sections. The plasma parameters at the separatrix, Ts and ns, are assumed
given but later should be defined from a model for SOL. The discretized form
of the equations 5.20, are given in the Appendix C, they have to be solved
numerically.
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In this chapter models to study transport of heat and particles due to ELMs
have been developed. At first energy losses during ELMs have been estimated
considering contribution from parallel conductive loss due to electrons and
parallel convection of ions, with constant level of the magnetic field perturba-
tion and steady profiles for density n and temperature T , and accounting for
the heat flux limit. The estimate shows agreement with experimental observa-
tions. As a next step the model is developed further by accounting for the time
evolution of αelm due to ballooning mode and linear dissipation, and a simple
consideration of particle balance in the ETB with a constant particle source
due to ionisation of neutrals and loss of particles due to the perturbation.

Furthermore, modification of the model for heat and particle loss during
ELMs is proposed. Namely a model for time evolution of n and T in addition
to αelm has been developed. The particle balance, parallel momentum and
energy equation have been integrated in the region contributing to the heat
and particle loss during ELMs (as estimated from the model for ion convection
heat loss); and equations for time evolution of nb and Tb are obtained. The
time evolving profiles when coupled with the above discussed model for heat
and particle loss, yield a 0-D model for ELMs. In addition a more sophisticated
model for particle loss due to ballooning modes is proposed and presented in
the Appendix C. In this model the ballooning growth rate has been determined
with a eigen value consideration. The particle fluxes due to perpendicular drift
motion and radial contribution of parallel particle flux have been estimated.
These models still need to be tested and provide scope for future work.



Chapter 6

Summary

With the growing demand for energy, thermonuclear fusion has potential to of-
fer an economically, environmentally and socially acceptable supply of energy.
A feasible method to execute thermonuclear fusion is to make a magnetically
confined Maxwellian-plasma, where the high energy particles at the tail of the
distribution undergo fusion. A lot of experience has been gained in toroidal
magnetic confinement devices tokamaks, and it appears to be a promising de-
sign for the future efforts in fusion reactor development (ITER, DEMO). The
tokamak still faces challenges in the major areas which can be categorised
into confinement, heating and fusion technology. Confinement has to do with
satisfying the Lawson criteria, and amongst various transport mechanisms
that degrade confinement is transport along magnetic field lines perturbed by
diverse MHD instabilities.

Unstable modes such as ideal ballooning-peeling, tearing etc., break closed
magnetic surfaces and destroy the axisymmetry of the magnetic configura-
tion in a tokamak, and provide deviation of magnetic field lines from unper-
turbed magnetic surfaces. Radial gradients of plasma parameters have nonzero
projections along such lines and drive parallel particle and heat flows which
contribute to the radial transport. Such transport can significantly affect con-
finement as this takes place by the development of neoclassical tearing modes
(NTMs) in the core and edge localised modes (ELMs) at the plasma periphery.
Therefore the transport characteristics parallel to the magnetic field are very
important for understanding and quantitative description of such phenomena.
Parallel transport is also relevant for mechanisms of ELM mitigation with
external magnetic field perturbations.

In chapter 2 a theoretical basis for the description of plasma, instabilities
and transport is given which assists in understanding the following chapters.

Magnetic islands are well known phenomena in hot fusion plasmas gener-
ated by resonant perturbations of the magnetic field. The latter arise from
different sources such as spontaneously developing MHD instabilities, or spe-
cial coils introduced in order to control the plasma behaviour. In chapter
3 transport of heat originating from core plasma and passing through non-
overlapped magnetic island chains is investigated using the ’Optimal path’
approach, which is based on the principal of minimum entropy production.
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A more detailed analytical approach by R. Fitzpatrick [28] is also presented,
where the limit cases of ”small”, w � wc

(
ς = 4κ||b2r/κ⊥ � 1

)
, and ”large”,

w � wc (ς � 1), islands have been considered analytically. On the one hand,
compared to previous analytical studies [17, 28] the present approach treats
on the same foot cases with arbitrary parameter. On the other hand, it illus-
trates in a more transparent way than a pure numerical approach [60, 62] what
parameters are of concern for the effective transport characteristics, and pro-
vides a computationally economical method to find the dependencies on these
parameters. This model shows that the effective heat conduction κeff through
islands increases with κ‖ and with the perturbation level, characterised by σch,
and reaches a saturation level with κ‖, which corresponds to the case where
the temperature change in the island disappears. Also with increasing σch and
κ‖, heat is carried predominantly close to the separatrix.

In chapter 4 transport of heat through internally heated magnetic islands
is investigated by further development of the ’Optimal path’ method. In ad-
dition the approach by R. Fitzpatrick, has been extended by including in the
heat transport equation an additional boundary condition for heating in a thin
layer at the resonant magnetic surface. Heat flux limit, limiting parallel heat
conduction in low collisional plasmas is elucidated with the ’Optimal path’
method, and validated by the extension of the R. Fitzpatrick’s model, by ap-
plication of these approaches to experimental observations made at TEXTOR
tokamak [65], where islands were heated at the resonant surface with ECRH,
and detailed temperature profiles were measured with ECEI diagnostic. The
elucidated value of the heat flux limit lies in the range ξ = 0.02 − 0.045, and
is in good agreement with that found in laser fusion experiments [10].

In chapter 5 models to study transport of heat and particles due to ELMs
have been developed. At first energy losses during ELMs have been estimated
considering contribution from parallel conductive loss due to electrons and
parallel convection of ions, with constant level of the magnetic field pertur-
bation and steady profiles for density n and temperature T , and accounting
for the heat flux limit. The estimate shows decrease of energy loss during
ELMs with increasing collisionality ν∗ and major contribution to energy loss
from ion convection, as has been observed in experiments. The energy loss
increases with the level of the inclination angle αelm of perturbed field lines.
As a next step the model is developed further by accounting for the time evo-
lution of αelm due to ballooning mode and linear dissipation, and a simple
consideration of particle balance in the ETB with a constant particle source
due to ionisation of neutrals and loss of particles due to the perturbation. αelm
depends on its value at the onset of ELM α0, and peaks to higher values for
lower α0. The energy loss during the ELM shows similar dependence on α0,
and this has been interpreted as follows: higher perturbations and transport
in the inter-ELM period slow down the build of pressure gradient at the ETB,
and hence also the growth of the perturbation.

Furthermore, modification of the model for heat and particle loss during
ELMs is proposed. Namely a model for time evolution of n and T in addition
to αelm has been developed. The particle balance, parallel momentum and
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energy equation have been integrated in the region contributing to the heat and
particle loss during ELMs (as estimated from the model for ion convection heat
loss); for this piecewise linear profiles for n and T varying in time with their
value at the barrier top are assumed, and equations for time evolution of nb
and Tb are obtained. The time evolving profiles when coupled with the above
discussed model for heat and particle loss, yield a 0-D model for ELMs. In
addition a more sophisticated model for particle loss due to ballooning modes
is proposed and presented in the Appendix C. In this model the ballooning
growth rate has been determined with a eigen value consideration. The particle
fluxes due to perpendicular drift motion and radial contribution of parallel
particle flux have been estimated. These models still need to be tested and
provide scope for future work.

Heat and particle losses, are of primary importance by strong magnetic
field perturbations, due to radial contribution of the parallel heat and particle
fluxes. Both NTMs and ELMs are omnipresent phenomenon in the opera-
tion regimes proposed for future fusion experiments and reactor prototypes,
and such transport is bound to affect the confinement and other operation
parameters in these devices. The impact of such transport on the operation
parameters needs careful consideration, and understanding the physics behind
can help to control these phenomena.
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Appendix A

Magnetic islands

A.1 Transport across non overlapped magnetic is-
lands

The entropy production rate in a toroidal shell of thickness r2− r1 � rs, with
a surface area S, and heat flux qr through it is given by:

∫
θdV =

∫
q · ∇(1/T )dV =

∫ r2

r1

qr
∂

∂r
(1/T )Sdr = qrS

[
1
T

]r2
r1

=
P∆T
T1T2

Hence we see that the 4T should me minimised inorder to have minimum
entropy production. The temperature gradient along a field line i.e. in di-
rection of l, with a radial perturbation of the form br sin ζ, can be expressed
as:

dT

dl
=
dT

dr

dr

dl
≈ ∂T

∂r
br sin ζ

Thus the radial heat flux qr, due to transport along field lines, is the the
product of this temperature gradient to parallel heat conductivity and the
component of the field line along r-direction:

qr ≈ −
(
κ||∇||T

)
Br/B = −κ||b2r sin2 ζ∂T/∂r

Putting y = 2x/w, and using ξ = δ/w, cos ζ = 2y2 + Ω, we get sin2 ζ =
1−(2y2−2ξ2+1)2. The parallel temperature gradient from the above equation
can thus be written as:

∆‖T = − qr
κ‖b2r

∫ rt

rb

dr

sin2 ζ
= − wqr

2κ‖b2r

∫ yt

yb

dy

1− (1 + 2y2 − 2ξ2)2

∆‖T = − wqr
8κ‖b2r

∫ yt

yb

(
1

a2
n − y2

+
1

a2
p + y2

)
dy

where an = ξ and ap = (1− ξ2)1/2.
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∆‖T = − wqr
8κ‖b2r

∫ yt

yb

(
1

2an

[
1

an + y
+

1
an − y

]
+

1
a2
p + y2

)
dy

Inside the island ξ < 1 ⇒ a2
n > 0 and a2

p > 0, and on integration the
required expression is obtained:

∆‖T =
wqr

8κ‖b2r

[
1

2an
ln(

1 + y/an
1− y/an

) +
1
ap

arctan(y/ap)
]yb
yt

On the separatrix ξ = 1⇒ a2
p = 0. On integration one obtains:

∆‖T =
wqr

8κ‖b2r

[
1

2an
ln(

1 + y/an
1− y/an

)− 1
u

]yb
yt

Outside the island ξ > 1⇒ a2
p < 0. Here the integral cannot be performed

as earlier since ap assumes complex values. Let a2
pn = −a2

p, then:

∆‖T = − wqr
8κ‖b2r

∫ yt

yb

(
1

a2
n − y2

− 1
a2
pn − y2

)
dy

∆‖T =
wqr

8κ‖b2r

[
1

2an
ln(

1 + y/an
1− y/an

)− 1
2apn

ln(
1 + y/apn
1− y/apn

)
]yb
yt

In the above equations we let a = an and c = |ap|, |apn|, transform back
to x = wy/2 to get the equations in the form used in our analysis. Since the
same quantity of heat flows across the perpendicular, parallel and thus the
combined path, we have the following relations:

qr = −κ⊥
∆⊥T
∆⊥r

= −κ‖eff
∆‖T
∆‖r

= −κeff
∆netT

∆netr

Solving for κeff one obtains,

=⇒ κeff =
∆⊥r + ∆‖r
∆⊥r
κ⊥

+ ∆‖r

κ‖eff



Appendix B

Heat flux limit

B.1 Transport through heated magnetic islands

Close to the resonant surface (q ' m/n), the length along the phase coordinate
is given by z = r(ϑ−ϕ/q) ' rsζ/m and the distance from the resonant surface
is x = r − rs

The deviation of a field line from the resonant surface due to formation of
islands is:

x =
w

2

√
cos ζ − cos ζs

2
xw =

x

w/2

xz ≡
dx

dz
= −wm sin ζ

8xwrs

For a parallel path part z∗ ≤ z ≤ zs, the heat flux continuity equation is
given as:

qsdzs = −κ||b2r sin2 ζ
∂T

∂r
dt

where dzs is the path width at the resonant surface x = 0, and dt is the
path width at a given z. The unit vector along the normal to a point x, z on
the path:

−→n =
−xz−→e z +−→e x√

1 + x2
z

Coordinates of a point at a distance dt from x, z on this normal is:

z̃ = z − xzdt√
1 + x2

z

, x̃ = x+
dt√

1 + x2
z

The intersection of the normal with the second path border beginning at
zs + dzs:
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x̃ =
w

2

√
cos ζ̃ − cos(ζs + dζs)

2

x+
dt√

1 + x2
z

=
w

2
√

2

√√√√cos

[
m

rs

(
z − xzdt√

1 + x2
z

)]
− cos

[
m

rs
(zs + dzs)

]

x+
dt√

1 + x2
z

≈ w

2
√

2

√
cos ζ − cos ζs +

m

rs

xzdt√
1 + x2

z

sin ζ +
m

rs
sin ζsdzs

x2 +
2xdt√
1 + x2

z

≈ w2

8

[
cos ζ − cos ζs +

m

rs

xzdt√
1 + x2

z

sin ζ +
m

rs
sin ζsdzs

]

dt ≈
sin ζs

√
1 + x2

z
16rs
w2m

x− xz sin ζ
dzs

g =
dt

dzr
≈ sin ζs√

sin2 ζ+(sin ζ/xz)2

Hence the heat flux can be written with the metric coefficient g as:

qs = −κ||b2r sin2 ζ
∂T

∂r
g

The temperature change along the parallel path part which corresponds to
phase change ζs → ζ∗, is given from the above equation for parallel heat flux
as:

∆||T = − qs
κ||b2r

r∗∫
rs

1
gsin2ζ

dr =

zs∫
z∗

xz
gsin2ζ

dz

=
qsrs
κ||b2rm

ζs∫
ζ∗

√
sin2 ζ + (sin ζ/xz)2

sin2 ζ sin ζs
xzdζ

= − qsrs
κ||b2rm sin ζs

ζs∫
ζ∗

√
1 + x2

z

sin ζ
dζ

= − qsrs
κ||b2rm sin ζs

ζs∫
ζ∗

√
1 +

“
wm
rs

”2

32
sin2 ζ

cos ζ−cos ζs

sin ζ
dζ

Region where

“
wm
rs

”2

32
sin2 ζ

cos ζ−cos ζs
is of importance in

√
1 +

“
wm
rs

”2

32
sin2 ζ

cos ζ−cos ζs
:
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32
( rs
wm

)2
≤ sin2 ζ

cos ζ − cos ζs

≈ sin2 ζs
cos ζs + sin ζs × (ζs − ζ)− cos ζs

≈ sin ζs
ζs − ζ

⇒

ζs − ζ ≤ 1
32

(
wm

rs

)2

≈ 5× 10−3

The contribution of this interval to the integral is roughly equal:

ζs∫
ζ∗

√“
wm
rs

”2

32
sin2 ζ

cos ζ−cos ζs

sin ζ
dζ ≈

wm
rs√

32 sin ζs

ζs∫
max

»
ζs− 1

32

“
wm
rs

”2
,ζ∗

–
dζ√
ζs − ζ

≈
2wmrs√

32 sin ζs
min

√
ζs − ζ∗,

1
32

(
wm

rs

)2

≈
(
mw

4rs

)2

√√√√min
[
2
(

4rs
mw

)2 (ζs − ζ∗) , 1
]

sin ζs

and hence the parallel temperature change along the parallel path is given
by:

∆||T ≈ − qsrs
κ||b2rm sin ζs


ζs∫
ζ∗

dζ

sin ζ
+
(
mw

4rs

)2

√√√√min
[
2
(

4rs
mw

)2 (ζs − ζ∗) , 1
]

sin ζs



= − rsqs
mκ||b2r

ln tan ζs
2

tan ζ∗
2

+
(
mw
4rs

)2

√
min

h
2( 4rs
mw )2

(ζs−ζ∗),1
i

sin ζs

sin ζs

For the reference cases below ζs = π
2 , ζ∗ ≈ 0.44 (0.31) :

ln
tan ζs

2

tan ζ∗
2

≈ 1.57 (1.85)�
(
mw

4rs

)2

√√√√min
[
2
(

4rs
mw

)2 (ζs − ζ∗) , 1
]

sin ζs
≈ 0.01

i.e. the contribution from the second term in the expression for 4‖T can
be normally neglected. The heat flux equation for the perpendicular path part
beginning where the parallel path part ends, i.e. z = z∗ is given as:

qsdzs = −κ⊥
∂T

∂r
dz∗
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where dz∗ is the distance between ends of the path borders starting at zs
and zs + dzs and terminating at the same x∗ = x (zs, z∗):

x∗ =
w

2

√
cos ζ∗ − cos ζs

2

Since the path borders have the same x they satisfy the condition:

dx =
∂x

∂z∗
dz∗ +

∂x

∂zs
dzs = 0⇒

dz∗ =
sin ζs
sin ζ∗

dzs

Thus the temperature change along the perpendicular path is obtained
from the perpendicular heat flux equation as:

∆⊥T = − qs
κ⊥

sin ζ∗
sin ζs

(w∗
2
− x∗

)
= −wqs

2κ⊥

sin ζ∗
sin ζs

(
cos ζ∗

2
−
√

cos ζ∗ − cos ζs
2

)

Combining 4‖T and 4⊥T , the total temperature change is obtained:

∆T = ∆||T + ∆⊥T

= − rsqs
mκ||b2r

ln
∣∣∣∣ tan ζs

2

tan ζ∗
2

∣∣∣∣
sin ζs

− wqs
2κ⊥

sin ζ∗
sin ζs

[√
1 + cos ζ∗

2
−
√

cos ζ∗ − cos ζs
2

]

= − wqs
2κ⊥ sin ζs

{
sin ζ∗

[√
1 + cos ζ∗

2
−
√

cos ζ∗ − cos ζs
2

]
+ σ ln

tan ζs
2

tan ζ∗
2

}

where σ = 2rsκ⊥/(wmκ||b2r). At the O-point, the magnetic field lines have
no radial inclination thus the transport is dominated by perpendicular heat
conduction, which leads us to determine κ⊥ from the temperature change for
a path beginning at the O-point:

0 < ζ∗ < ζs −→ 0 : ∆0T ≈ −
wqs
2κ⊥

=⇒ κ⊥ ≈
wqs

2 |∆0T |exp

Considering a reference point ζs = π
2 , the total temperature change be-

tween this point and the terminal point of the associated heat flux on the
separatrix is given as:

∆T
∆0T

≈ sin ζ∗

(√
1 + cos ζ∗

2
−
√

cos ζ∗
2

)
− σ ln tan

ζ∗
2
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∆T/∆0T obtained from experimentally observed temperature profiles, gives
us σexp, from which the parallel heat conductivity can be obtained κ|| ≈
(2rsκ⊥/wmb2rσexp). The field line length for the corresponding optimal path
is given as:

L =

ζs∫
ζ∗

B

Br

dr

dζ
dζ =

w

4
√

2br

ζs∫
ζ∗

dζ

(cos ζ − cos ζs)1/2
≈ 0.38(0.4)

w

br

Thus the heat flux limit ξFS , can be obtained from:

ξFS ≈ 3.16
κSH‖ /κ‖ − 1

λ

T

∆||T
L

≈
κ‖

nVeT

∆||T
L
≈

2rsκ⊥
wmb2rσexp

nVeT

0.23∆sT

0.38 wbr

B.2 Extension of fitzpatricks model

Heat conduction equation in the presence of an island of width w, critical
width wc, in the X, ζ space can be written as:

1
4


[(

w
wc

)2
sin ς ∂

∂X +X ∂
∂ς

]
×

g||

[(
w
wc

)2
sin ς ∂ eT∂X +X ∂ eT

∂ς

]
+

∂2T̃

∂X2
= − Qw

2
c

16κ⊥

With the introduction of y = 2x
w = wc

2wX, this equation becomes:

κ||b
2
r

 (
sin ς ∂∂y + 4y ∂

∂ς

)
×

g||

(
sin ς ∂ eT∂y + 4y ∂ eT∂ς

) + κ⊥
∂2T̃

∂y2
= −w

2Q0

4
δ (y)

In the limit of large island, i.e. κ|| →∞, this equation can be written as:(
sin ς

∂

∂y
+ 4y

∂

∂ς

)
g||

(
sin ς

∂T̃

∂y
+ 4y

∂T̃

∂ς

)
= 0

Since the temperature in the large island limit should be function of the
flux surface Ω, the solution of the above equation in this limit can be written
in the form:

T̃ = T0y
2 + T1 cos ς

Substituting this solution into the heat conduction equation gives:

sin ς
∂T̃

∂y
+ 4y

∂T̃

∂ς
= 2T0y sin ς − 4T1y sin ς = 0⇒ T1 =

T0

2
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T̃ = T0y
2 +

T0

2
cos ς = T0

(
y2 +

cos ς
2

)
=
T0

2
Ω

The presence of heating and finite κ⊥ is taken into account by introducing
an additional term, dependent on y, ζ as follows:

T̃ = T0

(
y2 +

cos ς
2

)
+ Θ (y) Ψ (ς)

The function Ψ (ζ) and boundary condition for Θ (y) at the RS y = 0
follow from integration of the heat conduction equation over a radially thin
layer around the resonant surface, or from 4.21:

(
κ⊥ + κ||b

2
r sin2 ς

) ∂T̃
∂y

(0) = −wqrs
2

(
κ⊥ + κ||b

2
r sin2 ς

)
Ψ (ς)

dΘ
∂y

(0) = −wqrs
2
⇒

Ψ (ζ) =
wqrs

2
(
κ⊥ + κ||b2r sin2 ς

) , dΘ
∂y

(0) = −1

Beyond the heating layer, there is no considerable source of heat and the
heat conduction equation can be written as follows:(

sin ς
∂

∂y
+ 4y

∂

∂ς

)
g||

(
sin ς

∂T̃

∂y
+ 4y

∂T̃

∂ς

)
+

κ⊥
κ||b2r

∂2T̃

∂y2
= 0

where we introduce σ = κ⊥
κ||b2r

, and thus obtain the form:

(
sin ς

∂

∂y
+ 4y

∂

∂ς

)
g||

(
sin ς

∂

∂y
+ 4y

∂

∂ς

)
Θ

σ + sin2 ς
+

4T0κ⊥
wqrs

= 0

(
sin ς

∂

∂y
+ 4y

∂

∂ς

)
g|| sin ς
σ + sin2 ς

(
dΘ
dy
− 8 cos ς
σ + sin2 ς

yΘ
)

+
4T0κ⊥
wqrs

= 0

Integrating in ζ-direction over one complete phase ⇒ terms after ∂
∂ς lead

to zero contribution ⇒:

∂

∂y

dΘ
dy

2π∫
π

g|| sin2 ς

σ + sin2 ς
dς − 8yΘ

2π∫
π

g|| sin2 ς cos ς(
σ + sin2 ς

)2 dς
+

4πT0κ⊥
wqrs

= 0

The metric coefficient g‖, the distance between path border of a heat trans-
port path is given by the following consideration:

Ω = y2 +
cos ς

2
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y = −
√

Ω− cos ς
2

yx ≡
dy

dς
= − sin ς

4
√

Ω− cos ς
2

= −sin ς
4y

g|| =
w
2 dy√(

r
mdς

)2 +
(
w
2 dy

)2 =
yx√(

2r
mw

)2 + y2
x

= − sin ς√(
8r
mwy

)2 + sin2 ς

Substituting g‖ thus obtained, into the heat conduction equation beyond
the heating layer, as obtained above, gives:

2π∫
π

g|| sin2 ς cos ς(
σ + sin2 ς

)2 dς = −
2π∫
π

sin3 ς√(
8r
mwy

)2 + sin2 ς
(
σ + sin2 ς

)2d sin ς = 0

2π∫
π

g|| sin2 ς

σ + sin2 ς
dς = −

2π∫
π

sin3 ςdς√(
8r
mwy

)2 + sin2 ς
(
σ + sin2 ς

)
= −2

2π∫
3π
2

sin3 ςdς√(
8r
mwy

)2 + sin2 ς
(
σ + sin2 ς

)
= 2

2π∫
3π
2

sin2 ς√(
8r
mwy

)2 + sin2 ς
(
σ + sin2 ς

)d cos ς

= 2

1∫
0

(
1− ξ2

)
dξ√(

8r
mwy

)2 + 1− ξ2 (σ + 1− ξ2)
= 2γ (y, α)

∂

∂y

[
dΘ
dy
γ (y, α)

]
= −2πT0κ⊥

wqrs

dΘ
dy
γ (y, α) = −γ (0, α)− 2πT0κ⊥

wqrs
y

dΘ
dy

= −γ (0, α)
γ (y, α)

− 2πT0κ⊥
wqrs

y

γ (y, α)

Θ = Θ (0)−
y∫

0

γ (0, α)
γ (y, α)

dy − 2πT0κ⊥
wqrs

y∫
0

ydy

γ (y, α)
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Θ (1) = 0 =⇒ Θ (0) =

1∫
0

γ (0, α)
γ (y, α)

dy +
2πT0κ⊥
wqrs

1∫
0

ydy

γ (y, α)

Θ =

1∫
y

γ (0, α)
γ (y, α)

dy +
2πT0κ⊥
wqrs

1∫
y

ydy

γ (y, α)

Total solution for the temperature perturbation, substituting Ψ(ζ) and
Θ(y), back into the assumed form of T̃ , i.e. the solution for the heat conduction
equation, gives:

T̃ = T0

(
y2 +

cos ς
2

)
+

1

1 + sin2 ς
σ

wqrs
2κ⊥

1∫
y

γ (0, α)
γ (y, α)

dy + πT0

1∫
y

ydy

γ (y, α)



θ0 (y, α) =

1∫
y

γ (0, α)
γ (y, α)

dy, θ1 (y, α) =

1∫
y

ydy

γ (y, α)

γ (y, α) =

1∫
0

(
1− ξ2

)
dξ√(

8r
mwy

)2 + 1− ξ2 (σ + 1− ξ2)

T̃ = T0

(
y2 +

cos ς
2

)
+

wqrs
2κ⊥

θ0 + πT0θ1

1 + sin2 ς
σ

Tκ =
wqrs
2κ⊥

θ0 + πT0θ1

Temperature perturbation at RS, for different values of Ω = −0.8,−0.4, 0, 0.4,
can be written in the following way:

T̃−0.8 = −0.4T0 +
Tκ

1 + 0.36
σ

T̃−0.4 = −0.2T0 +
Tκ

1 + 0.84
σ

T̃0 =
Tκ

1 + 1
σ

T̃0.4 = 0.2T0 +
Tκ

1 + 0.84
σ

By manuplation of the above equations T0, κ⊥, σ → κ||, can be determined
as shown below, where 4a,b = T̃a − T̃b:

T0 = −2.5∆−0.4,0.4
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(∆−0.8,0 −∆−0.4,0.4) (σ + 0.36) (σ + 1)
0.64σ

= Tκ

(∆−0.8,0.4 − 1.5∆−0.4,0.4) (σ + 0.36) (σ + 0.84)
0.48σ

= Tκ

σ =
∆−0.8,0 − 1.12∆−0.8,0.4 + 0.68∆−0.4,0.4

1.333∆−0.8,0.4 −∆−0.4,0.4 −∆−0.8,0

κ⊥ ≈
0.32θ0 (0)wqrs

(∆−0.8,0 −∆−0.4,0.4) (σ + 1.36 + 0.36/σ) +
+5θ1(0)∆−0.4,0.4

Determination of 1
LT

= 1
T

∣∣∣ δ eTl ∣∣∣. The temperature perturbation δT̃ along a
field line Ω = constant, considering the contribution from the θ1 term to be
small, can be give as:

T̃ = T0

(
y2 +

cos ς
2

)
+

wqrs
2κ⊥

θ0 + πT0θ1

1 + sin2 ς
σ

δT̃ ≈ wqrs [θ0 (0)− θ0 (0.5)]
2κ⊥

(
1 + 1

σ

)
The corresponding length of the field line l and hence the LT can be given

as:

dl ≈ w

2
dy

br sin ζ
⇒ l ≈ w

2br

0.5∫
0

dy√
1− 4y2

≈ 0.53w
2br

1
LT
≈ 1.42θ0 (0) qrsbr

κ⊥
(
1 + 1

σ

) ≈ 1.42θ0 (0) qrsbr
(σ + 1)κ||brT

Substituting the parameters obtained above in the expression for the heat
flux limit ξ, gives:

ξ ≈
3.16κ‖
κSH‖

λ

LT
≈ 3.16λ

κSH‖

1.42qrsθ0
0

(σ + 1) brT
=

1.42qrsθ0
0

(σ + 1)nVthTbr

=
1.42 · 2θ0

0PECRH
(σ + 1)π2ssnVthTw2

=
0.14θ0

0

σ + 1
PMW
ECRH

n13T 1.5
kevw

2
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Appendix C

ELMs

C.1 Discretized equations for the model of ion con-
vective heat loss

C.1.1 Equations in dimensionless variables

It is useful to define certain dimensionless variables to write the kinematic,
motion and energy equation in a simplified form, and also to express them in
terms of important parameters at the barrier top:

τ1 (x) ∼

(
miV

2

2 + ε
)3/2

n (x)
⇒ τ1 (x) = τ b1

(
u2 + ξ

)1.5
η (ς)

, λb = τ b1V
b
T

τ b1 = 6.5 · 105

√
AiT

1.5
b

nb
, λb = 9× 1011T

2
b

nb

ω =
t

τ b1
,κ =

e∆bE

Tbα (x)
, v =

V

V b
T

, ξ =
ε

Tb

x = a− r; ς = x/∆b;Ssep = 4π2κaR

µ =
2√
π

∫ χ

0
e−y
√
ydy = erf (

√
χ)− 2√

π
e−χ
√
χ, µ

′
=

2√
π
e−χ
√
χ, χ =

v2 + ζ

θ (ς)

ν∗ ≡ qR (R/a)3/2 /λb, ν0 = (1.9αqR/∆b)(R/a)3/2

Here b indicates the value at the barrier top. τ1 is the characteristic collision
time, λ is the mean free path between collisions, µ is the Maxwell integral and
ν∗ is the plasma collisionality.

The kinematic, motion and energy equation can be written respectively,
in terms of dimensionless variables and their discretized form, to solve them
numerically with a finite difference scheme, as follows:

97
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dς

dω
=
uλbα(ς)

∆b
= vαu

ςi+1 − ςi
∆ω

= vαui ⇒ ςi+1 = ςi + vαui∆ω

du

dω
=
λbα (ς)

2∆b
κ (ς)− 2µη (ς)

(u2 + ξ)1.5u = e− gu

ui+1 − ui
∆ω

= e− gui+1 ⇒ ui+1 =
ui + e∆ω
1 + g∆ω

dξ

dω
=

2η (ς)
(u2 + ξ)1.5

[(
µ+ µ

′
)
u2 −

(
µ− µ′

)
ξ
]

= vlu
2 − vdξ

ξi+1 − ξi
∆ω

= vlu
2 − vdξi+1 ⇒ ξi+1 =

ξi + vlu
2
i∆ω

1 + vd∆ω

C.1.2 Profiles

Piecewise linear parameter profiles in ETB can be written as:

η(ς) = ηs + (1− ηs) min(1, ς) + (ηe − 1) max(0, ς − 1)
∆b

∆e
; ηs,e =

ns,e
nb

θ (ς) = θs + (1− θs) min (1, ς) + (θe − 1) max (0, ς − 1)
∆b

∆e
; θs,e =

Ts,e
Tb

C.1.3 Electric field

The electric field can be obtained from the force balance equation for electrons
along field lines for a static condition:

0 = −enE‖ − α
d(nT )
dr

eE‖ = − 1
n
α
d(nT )
dr

Fe = − α

ηnb∆b

d(nbTbηθ)
dς

Since the n, T profiles are piecewise linear, depending on the radial position
characterised by ς, there are two forms for the equation for the electric field
Fe:

ς > 1

Fe = − Tbα
η∆b

d

dς
[(1 + (ηe − 1)(ς − 1)

∆b

∆e
)(1 + (θe − 1)(ς − 1)

∆b

∆e
]

Fe = − Tbα
η∆b

[(ηe + θe − 2)
∆b

∆e
+ 2(ς − 1)(ηe − 1)(θe − 1)(

∆b

∆e
)2]
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ς < 1

Fe = − Tbα
η∆b

d

dς
[(ηs + (1− ηs)ς)(θs + (1− θs)ς)]

Fe = −Tbα
∆b

[
1− θs + (1− ηs)

θs + ς(1− θs)
ηs + ς(1− ηs)

]
The net energy loss due to ion convection, normalised to the pedestal

energy content Wped = Ssepa/2× 3nbTb is given as:

∆W conv
elm

Wped
=

∆b

a

1 + κ√
πκ

0∫
−1−∆b/∆e

η (ς)
θ3/2 (ς)

dς

umax∫
−umax

du

ξmax∫
−ξmax

dξ exp
[
−u

2 + ξ

θ (ς)

] (
u2

0 + ξ0

)

C.2 Discretized equations for time evolution of n, T
and αelm

Discretized equations for time evolution of n, T and αelm, to solve them nu-
merically using a finite difference scheme, are given below:

Discretized equation for density nb:

∆b + ∆e

2
nbi+1

− nbi
∆t

= j0 −D⊥
nbi+1

− ns
∆b

− αΓs||i

nbi+1
=
(
j0 +

D⊥ns
∆b

− αΓs||i + nbi
∆b + ∆e

2∆t

)
/

(
∆b + ∆e

2∆t
+
D⊥
∆b

)
Discretized equation for the parallel particle flux Γ‖:

∆b

2

Γs||i+1
− Γs||i

∆t
= α

2
Tene − Tsns

mi
−

(
Γs||i

)2

ns



Γs||i+1
=

2α∆t
∆b

2
Tene − Tsns

mi
−

(
Γs||i

)2

ns

+ Γs||i

Discretized equation for Tb:

[
∆bns + ∆ene

2
+ (∆b + ∆e)nbi+1

]
Tbi+1

− Tbi
∆t

+

+
[

∆bTs + ∆eTe
2

+ (∆b + ∆e)Tbi+1

]
nbi+1

− nbi
∆t

= qcore − j0Ei − 3D⊥
nbi+1

− ns
∆b

Ts − κ⊥
Tbi+1

− Ts
∆b

− qss
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Tbi+1

∆t

[
∆bns + ∆ene

2
+
κ⊥∆t

∆b
+ (∆b + ∆e) (2nbi+1

− nbi)
]

= qcore − j0Ei − 3D⊥
nbi+1

− ns
∆b

Ts + κ⊥
Ts
∆b
− qss

+
Tbi
∆t

[
∆bns + ∆ene

2
+ (∆b + ∆e)nbi+1

]
−

(nbi+1
− nbi)(∆bTs + ∆eTe)

2∆t

Discretized equations for time evolution of αelm

ηi+1 − ηi
∆τ

= ξ

[
σ − ξα2

i

δξαi +
√
ηiΘ (ηi)

]
αi+1 − αi

∆τ
= αi

[√
ηiΘ (ηi)−

Θ (−ηi)
τELM

]

C.3 Simple model for ballooning modes

Perturbations:

ñ ∼ ϕ̃ ∼ j̃ ∼ B̃r ∼ f (l = qRϑ) · exp (−iωt+ iky)

Continuity equation:

∂ñ

∂t
+
dn

dr
ṼE = 0

ṼE = c
Ẽy
B

= c
−ikϕ̃
B

−iωñ+ c
−ikϕ̃
B

dn

dr
= 0

ω∗ =
cTk

eBLn
,

1
Ln

= − 1
n

dn

dr

n̂ =
ñ

n
, ϕ̂ =

eϕ̃

T

ϕ̂ =
ω

ω∗
n̂

Momentum equation:

min
∂
−→
V i

∂t
+
−→
∇P =

[−→
j ×
−→
B
]

c[−→
j ×
−→
B
]

=

−→e r −→e ϑ −→e ||
jr jy 0
0 0 B

= B (jy−→e r − jr−→e y)
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poloidal component:
∂P̃

∂y
= −j̃r

B

c

ik2ñTe = −j̃r
B

c
=⇒ j̃r = −in2cTk

B
n̂

radial component:

min
∂ṼE
∂t

= j̃y
B

c

−iωminc
−ikϕ̃
B

= j̃y
B

c

j̃y = −ωncT
B

kϕ̂

ωci

Zero current divergency:

−→
∇ · −→j = 0 : ∇‖j̃‖ = −∂j̃r

∂r
− ∂j̃y
∂y

j̃r ∼
1
B2
∼
(

1 +
r cosϑ
R

)2

=⇒

∂j̃r
∂r
≈ jr

2 cosϑ
R

= −in4cTk
RB

cosϑn̂

∂j̃y
∂y

= −iωncT
B

k2ϕ̂

ωci
= −iω2n

cT

B

k2

ωciω∗
n̂

∇‖ =
1
qR

∂

∂ϑ

1
qR

∂j̃‖

∂ϑ
= in

cT

B
k2

(
4
kR

cosϑn̂+
ω

ωci
ϕ̂

)
1
qR

∂j̃‖

∂ϑ
= in

cT

B
k2

(
4
kR

cosϑ+
ω2

ωciω∗

)
n̂

1
qR

∂j̃‖

∂ϑ
= in

cTLn
BR2

k

(
4R
Ln

cosϑ+ ω2R
2

c2
s

)
n̂

where cs =
√
T/mi is the ion sound speed

Parallel component of Maxwell equation
−→
∇ ×

−→
B = 4π

c

−→
j :

−ikB̃r =
4π
c
j̃|| =⇒ B̃r = i

4π
kc
j̃||
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Radial component of Maxwell equation
−→
∇ ×

−→
E = −1

c
∂
−→
B
∂t :

ikẼ||−∇‖Ẽy = i
ω

c
B̃r =⇒ ikẼ||−

1
qR

∂ (−ikϕ̃)
∂ϑ

= i
ω

c
B̃r =⇒ Ẽ|| = i

4πω
k2c2

j̃||−
1
qR

∂ϕ̃

∂ϑ

Low collisionality ⇒ high electric conductivity ⇒ E|| = 0⇒

j̃|| = −i k2c2

4πωqR
∂ϕ̃

∂ϑ
= −i k

2c2T

4πeωqR
∂ϕ̂

∂ϑ
= −ikcBLn

4πqR
∂n̂

∂ϑ

B̃r =
kcT

eωqR

∂ϕ̂

∂ϑ
= B

Ln
qR

∂n̂

∂ϑ

Equation for n̂

∂2n̂

∂ϑ2
+

4πnT
B2

q2

(
4R
Ln

cosϑ+ ω2R
2

c2
s

)
n̂ = 0

d2f

dϑ2
+
β

2
q2

(
4R
Ln

cosϑ+ ω2R
2

c2
s

)
f = 0

where

β =
8πnT
B2

with new variable z = π−ϑ
2 we get canonical form of Mathieu equation:

d2f

dϑ2
+ (a− 2p cos 2z) f = 0

with

a = 2βq2ω2R
2

c2
s

p = 4βq2 R

Ln

Ballooning modes with the maximum of density perturbation at the low
field side correspond to the even Mathieu of the second order, ce2 (z, p), with
approximate dispersion relation between eigen values:

a =
128 + 40p− 2p2

32 + p

Instability frequency:

ω =
cs

2qR

√
a

β
=

cs
2qR

√
128 + 40p− 2p2

β (32 + p)

Instability threshold:
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128 + 40p− 2p2 = 0
p2 − 20p− 64 = 0

pcr = 10 +
√

100 + 64 ≈ 23

βcr ≈
23
4
Ln
q2R

8πq2R

B2

[
nT

Ln

]
cr

=
23
4

= 5.75

Growth rate close to the threshold:

Imω =
cs

2qR

√
−da
dp (pcr) · (p− pcr)

β
=

cs
2qR

√
4pcr−40
32+pcr

· (p− pcr)
β

γ ≡ Imω ≈ 1.37cs√
RLn

√
β − βcr
βcr
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C.3.1 Particle losses due to ballooning mode

Perpendicular flux density:

Γ⊥ = ñṼ ∗E + ñ∗ṼE = ñ

(
−ick

B
ϕ̃

)∗
+ ñ∗

(
−ick

B
ϕ̃

)
=

cTkn

eB
[n̂ (−iϕ̂)∗ + n̂∗ (−iϕ̂)]

=
cTkn

eB

[
n̂

(
−i ω
ω∗
n̂

)∗
+ n̂∗

(
−i ω
ω∗
n̂

)]
= 2γnLn |n̂|2

Parallel motion equation:

∂tΓ|| +5‖

(
Γ2
‖

n
+

2nT
mi

)
= 0

Contribution of parallel flow to radial particle flux:

Γ||,r = Γ||
B̃r
B

Equation for Γ||,r

Γ||,rReω +

(
B̃r
B

)2
∂

∂r

(
Γ2
||,rB

2

nB̃2
r

+
2nT
mi

)
= 0

Integration radially over the region involved into ELM with the width

∆ELM where γ = Reω and α =

√( eBr
B

)2
are roughly constant, provides

equation for the Γ||,r value at the separatrix, Γs:

Γs
∆ELM

2
γ +

Γ2
s

ns
− 2nbTb

mi
α2ς = 0

with

ς = min
(

1,
∆ELM

∆b

)
and it was taken into account the pressure at barrier top, 2nbTb, is much larger
than that at the separatrix, 2nsTs.

Γ2
s + Γs

∆ELMγ

2
ns − 2nsnbc2

sbα
2ς = 0

where csb =
√
Tb/mi. Therefore

Γs =

√(
∆ELMγ

4
ns

)2

+ 2nsnbc2
sbα

2ς − ∆ELMγ

4
ns
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or by using the approximation
√

1 + x − 1 ≈ x
2+
√
x

with the maximum error
of 25%,

Γs =
2ς (csbα)2 nb

csbα
√

2ςnb/ns + γ∆ELM/2

Total radial particle flux:

Γr = Γ⊥+Γs ≈ 2.74csb
√
ς

ns
√
Ln
R

β − βcr
βcr

|n̂|2 +
nbα

2√
Ln
R
β−βcr
βcr

∆ELM
Ln

+ 2
√

nb
ns
α


C.3.2 Averaging over poloidal angle

n̂ = A · ce2

(
π − ϑ

2

)
B̃r
B

qR

Ln
= α

qR

Ln
=
∂n̂

∂ϑ
= A

d

dϑ
ce2

(
π − ϑ

2

)
From the above relation we get for the surface averaged value 〈· · · 〉 =

π∫
0

· · · dϑπ :

α2

(
qR

Ln

)2

= A2

〈[
d

dϑ
ce2

(
π − ϑ

2

)]2
〉

Thus:

A =
qR

Ln

√√√√ 〈α2〉〈[
d
dϑce2

(
π−ϑ

2

)]2〉
n̂ =

qR

Ln

√√√√ 〈α2〉〈[
d
dϑce2

(
π−ϑ

2

)]2〉ce2

(
π − ϑ

2

)

α =

√√√√ 〈α2〉〈[
d
dϑce2

(
π−ϑ

2

)]2〉 d

dϑ
ce2

(
π − ϑ

2

)
and

Γr ≈ 2.74nbcsb
√
ς

〈
α2
〉〈[

d
dϑce2

(
π−ϑ

2

)]2〉 ×

×


ns
nb

(
qR
Ln

)2√
Ln
R
β−βcr
βcr

[
ce2

(
π−ϑ

2

)]2
+

+ [ ddϑ ce2(π−ϑ2 )]2q
Ln
R

β−βcr
βcr

∆ELM
Ln

+2
q
nb
ns

vuut 〈α2〉fi
[ ddϑ ce2(π−ϑ2 )]2

fl d
dϑ
ce2(π−ϑ2 )


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Parallel flow is effective in the region 0 ≤ ϑ ≤ ϑ0 where B̃r ≥ 0; ϑ0

corresponds to the second optimum (the first one is ϑ = 0) of ce2. Therefore

〈Γr〉 ≈ 2.74nbcsb
√
ς

〈
α2
〉〈[

d
dϑce2

(
π−ϑ

2

)]2〉 ×

×


ns
nb

(
qR
Ln

)2√
Ln
R
β−βcr
βcr

〈[
ce2

(
π−ϑ

2

)]2〉
+

+
ϑ0∫
0

[ ddϑ ce2(π−ϑ2 )]2 dϑπq
Ln
R

β−βcr
βcr

∆ELM
Ln

+2
q
nb
ns

vuut 〈α2〉fi
[ ddϑ ce2(π−ϑ2 )]2

fl d
dϑ
ce2(π−ϑ2 )


〈
α2
〉

=
〈( eBr

B

)2
〉

is governed by the equation for the magnetic field pertur-

bation.


